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Abstract. In this paper, we develop the crystal basis theory for quantum gener- 
alized Kac- Moody algebras. For a quantum generalized Kac- Moody algebra U q (g), 
CN| \ we first introduce the category Oi nt of C/ 9 (g)-modules and prove its semisimplic- 

ity. Next, we define the notion of crystal bases for J7 9 (g)-modules in the category 
\ dnt and for the subalgebra U~(g). We then prove the tensor product rule and 

the existence theorem for crystal bases. Finally, we construct the global bases for 
' [/ g (g)-modules in the category O int and for the subalgebra U~(g). 

a' 



Introduction 

>. 

The quantum groups, introduced independently by Drinfel'd and Jimbo, are cer- 

0\ ■ 

' tain families of Hopf algebras that are deformations of universal enveloping algebras 

O | of Kac- Moody algebras El ■ More precisely, let g be a symmetrizable Kac- Moody 

algebra and let U(g) be its universal enveloping algebra. Then, for each generic 
parameter q, we can associate a Hopf algebra UJg), called the quantum group, 

^— > ■ 

whose structure tends to that of U(g) as q approaches 1. In [T2j, Lusztig showed 
that the integrable highest weight modules over U(g) can be deformed to those over 
U q (g) in such a way that the dimensions of weight spaces are invariant under the 
deformation. 

In jHllini, Kashiwara developed the crystal basis theory for the quantum groups 
associated with symmetrizable Kac- Moody algebras. (In ^3], a more geometric 
approach was developed by Lusztig, which is called the canonical basis theory.) The 
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crystal bases can be understood as bases at q = and they are given a structure of 
colored oriented graphs, called the crystal graphs. The crystal graphs have many nice 
combinatorial features reflecting the internal structure of integrable modules over 
quantum groups. In particular, they have extremely simple behavior with respect 
to taking the tensor product. Thus the crystal basis theory provides us with a very 
powerful combinatorial tool to investigate the structure of integrable modules over 
quantum groups. 

On the other hand, in his study of Monstrous moonshine, Borcherds introduced a 
new class of infinite dimensional Lie algebras called the generalized Kac-Moody alge- 
bras (21 E] • The structure and the representation theory of generalized Kac-Moody 
algebras are very similar to those of Kac-Moody algebras, and many basic facts 
about Kac-Moody algebras can be extended to generalized Kac-Moody algebras. 
But there are some differences, too. For example, generalized Kac-Moody algebras 
may have imaginary simple roots with norms < whose multiplicity can be greater 
than one. Also, they may have infinitely many simple roots. 

In jH], Kang constructed the quantum groups U q (g) associated with generalized 
Kac-Moody algebras g. For simplicity, we will call U q (g) the quantum generalized 
Kac-Moody algebras. Moreover, he showed that, for a generic q, Verma modules 
and irreducible highest weight modules over U(q) with dominant integral highest 
weights can be deformed to those over U q (g) in such a way that the dimensions of 
weight spaces are invariant under the deformation. These results were extended to 
generalized Kac-Moody superalgebras by Benkart, Kang and Melville (Tj. 

In this paper, we develop the crystal basis theory for quantum generalized Kac- 
Moody algebras following the framework given in ^U] . After reviewing some of the 
basic facts about quantum generalized Kac-Moody algebras and their modules, we 
define the category O int consisting of integrable f/ g (g)-modules satisfying certain 
conditions on their weights and show that this category is semisimple. We then 
define the notion of crystal bases for [7 g (g)-modules in the category O int and prove 
the standard properties of crystal bases including the tensor product rule. 

Next, we prove the existence theorem for crystal bases using Kashiwara's grand- 
loop argument, which consists of 15 interlocking inductive statements. As is the case 
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with Kac-Moody algebras, the fundamental properties of crystal bases for U~ (q) play 
a crucial role in this argument. 

Finally, we globalize the theory of crystal bases. That is, we show that any irre- 
ducible highest weight {7 9 ({j)-module in the category Oi nt has a unique global basis. 
The existence of global bases is proved using the basic properties of balanced triple 
and the triviality of vector bundles over P 1 . 

Acknowledgments. We would like to express our sincere gratitude to Olivier 
Schiffmann for many valuable discussions. 

1. Quantum Generalized Kac-Moody Algebras 

Let / be a finite or countably infinite index set. A real square matrix A = (a^)^/ 
is called a Borcherds-Cartan matrix if it satisfies: 

(i) an = 2 or an < for all i G I, 

(ii) a,ij < if i ^ j, 

(iii) a,ij G Z if an = 2, 

(iv) aij = if and only if = 0. 

We say that an index i is real if an = 2 and imaginary if an < 0. We denote by 
F e : = {iEl; an = 2}, J im : = {i G I ; a u < 0}. 

In this paper, we assume that all the entries of A are integers and the diagonal 
entries are even. Furthermore, we assume that A is symmetrizable; that is, there is 
a diagonal matrix D = diag(sj e Z >0 | i G I) such that DA is symmetric. 

Let P v be a free abelian group and let n v = {hi} ieI be a family of elements in P v 
called the set of simple coroots, and set f) = Q (g> z P v . The free abelian group P v is 
called the co-weight lattice and the Q-vector space [) is called the Cartan subalgebra. 
The weight lattice is defined to be 

p : = {\ e fj* ; A(P V ) c Z}. 

We assume that P contains a family of elements II = called the set of simple 

roots satisfying 

eti(hj) = aji for i,j G I. 
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Definition 1.1. We call the quintuple (A, P v , P, IT V , IT) a Borcherds-Cartan datum 
associated with A. 

In this paper, we assume that there is a non-degenerate symmetric bilinear form 
( | ) on f)* satisfying 

(ctijA) = Si\(hi) for every A G f)*, 

and therefore we have 

(ai\aj) = Sidij for every i, j G P 

We also assume that there exists A, G P such that Ai(hj) = 5ij for i, j G P Such 
a Aj is called a fundamental weight. We assume further that {«i}i e / is linearly 
independent. 

For a symmetrizable Borcherds-Cartan matrix, there exists such a Borcherds- 
Cartan datum. Take 

P v = (0 © (© j 

and define and Aj by 

OLiihj) = aji and ca(dj) = 5ij, 
Ai(hj) = 5ij and Aj(dj) = 0. 

Let ( I ) be the bilinear form on (©^Q^ © QAj)) x f)* defined by 

(ai\X) = SiX(hi), (Aj|A) = SjA(dj). 

Since it is symmetric on (©j(Qaj © QAj)) x (©j(Qa, © QAj)), we can extend this 
to a symmetric form on {)*. Then such a symmetric form is non-degenerate. 

We denote by P + the set {A G P ; A(/ij) > for every i G P} of dominant integral 
weights. The free abelian group Q : = @ ie/ Z«j is called the root lattice. We set 

Q+ = Zlie/ Z >o Q; i and Q- = -Q+- For a e we can write a — J2k=l a ik for 
ii, . . . , i r G I. We set |a| = r and call it the height of a. 
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For an indeterminate q, set g« = q Si and define 



(1.1) [n]i = 



Qi ~ Qr 



-1 ' 



W = f[[k]i 



k=l 



m 
n 



\m U 



[m - n\i\[n\i\ 



If an < 0, set Cj = —-an G Z >0 , and define 



(1.2) 



c;n _ „-c;n 

Ci — Ci ' 

9i - % 



fc=i 



n J {m - n}j!{n}j!' 



For convenience, if = 0, we will also use the notation q = and 
(1.3) { n }i = n, {n}i\ = n\, 



m 
n 



Definition 1.2. The quantum generalized Kac-Moody algebra U q (g) associated with 
a Borcherds-Cartan datum (A, P v , P, Il v , II) is the associative algebra over Q(q) 
with the unit 1 generated by the symbols e i: fi (i G I) and q h (h G P v ) subject to 
the following defining relations : 



(1.4) 



g° = l, q h q h ' = q h + h ' (h,h'eP v ), 
q h e t q- h = q a ^e t , q h f t q~ h = q'^fi, 



&i fj fj &i 5 
1— dij 

E(-D' 

r=0 

1— a. 



where If* = q Sih \ 



ft -% 



1 - a,: 



£(-D' 



r=0 



1 - Oi 



" ej e[ = if an = 2, i ^ j, 



fl " ' h!" if a» = 2, / / ./• 



ejej ej-ej 0, /j/j fjfi if ^ij 0. 
From now on, we will use the notation 



(1.5) 



» 



» 



, if } = t~77 if a,, = 2, 



Mi! 



e n ,(n) = f n $ ^ < Q _ 
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We understand that ef^ = f- n ' = 1 for n = and e[ = / 4 = for n < 0. For 
a = ki a % £ Qi we will also use the notation 

The quantum generalized Kac-Moody algebra U q (o) has a i?op/ algebra structure 
with the comultiplication A, the counit s, and the antipode S defined by 

A(q h ) =q h ® q h , 

A( ei ) = e< ® i^r 1 + 1 ® ei, A(/i) = £ ® 1 + #i ® 

(1.6) 

e(g h ) = 1, e(e 4 ) = e(/t) = 0, 
S{q h ) = q-\ S(e t ) = -e i K i , S(f i ) = -K^f i 
for /i G P v , z G J (see, for example, [UIE])- 

Let Uq(o) (resp. U~(q)) be the subalgebra of U q (g) generated by the elements 
ti (resp. fi) for i E I, and let Z7°(fl) be the subalgebra of U q (g,) generated by q h 
(h G P v ). Then we have the triangular decomposition (PJISj) : 

(1-7) U q (Q) = U-(g)®U^Q)®U^(Q). 

Remark 1.3. In jHj, Kang considered the generalized Kac-Moody algebras associated 
with Borcherds-Cartan matrices of charge m = (mj G Z>o | z G /, = 1 for z G 
J re ). The charge is the multiplicity of the simple root corresponding to i G i\ 
For example, the Monster Lie algebra, which played an important role in Borcherds' 
proof of Monstrous moonshine, is a generalized Kac-Moody algebra associated with 
the Borcherds-Cartan matrix A = (— (z +j))i,jei °f charge m = (c(i) | z G I), where 
/ = { — 1}U{1,2,...} and c(i) are the coefficients of the elliptic modular function 

oo 

J(q) = j(q) - 744 = c ( n )<?" = ^ + 196884g + 21493760g 2 + ■ • • . 

n=-l 

In this paper, we assume that = 1 for all i E I. However, we do not lose generality 
by this assumption. Indeed, if we take Borcherds-Cartan matrices with some of the 
rows and columns identical, then the generalized Kac-Moody algebras with charge 
introduced in [S] can be recovered from the ones in this paper by identifying the /ij's 
and diS (hence a^s) corresponding to these identical rows and columns. 
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2. Representation Theory 

A C/ 5 (0)-module V is called a weight module if it admits a weight space decompo- 
sition V = ©^gp Vfj,, where V^: = {v E V ; q h v = q^ h >v for every h G P v }. We call 
wt(V) : = {ji G P ; y M # 0} the set of wei^is of y. 

Let (9 be the category consisting of weight modules V with finite-dimensional 
weight spaces such that wt(V) C Uj=iG\? ~~ Q+) f° r finitely many Ai, . . . , A s G P. 

One of the most interesting examples of {7 g (g)-modules in the category O is the 
class of highest weight modules defined below. A weight module V over U q (g) is 
called a highest weight module with highest weight A G P if there exists a non-zero 
vector v £ V (called a highest weight vector) such that 

(i) y = f/ 9 ( K 

(ii) u e 

(iii) ej f = for every i & I. 

Let J(A) denote the left ideal of £/g(g) generated by e^, g' 1 — q xlyll) (i 6 J, /i6 
P v ), and set M(A) = U q (g)/ J(X). Then, via left multiplication, M(A) becomes a 
t/g(fl) -module called the Verma module. The basic properties of Verma modules are 
summarized in the following proposition. 

Proposition 2.1 (jHEl). 

(a) M(A) is a highest weight U q (g) -module with highest weight A and highest 
weight vector v\ : = 1 + J(A). 

(b) M(A) is a /ree U~ (g) -module generated by V\. 

(c) Every highest weight U q (g) -module with highest weight X is a quotient of 
M(X). 

(d) M(A) contains a unique maximal submodule R(X). 

The irreducible quotient V(X) = M(X)/R(X) is an irreducible highest weight U q (g)- 
module with highest weight X. 

In the rest of this section, we focus on the structure of the irreducible highest 
weight £/q(g)-module V(X) with a dominant integral highest weight A G P + . 

We first recall: 



(2.1) 
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Proposition 2.2 ([UlSj). Let A G P + be a dominant integral weight. 

(a) The highest weight vector v\ of 7(A) satisfies the following relations 

f^ +1 v x = if a u = 2, 
fiv x = if X(hi) = 0. 

(b) Conversely, let V be a highest weight U q (o) -module with a highest weight 
A G P + and a highest weight vector v. If v satisfies the relations in (|2.1|) . 
then V is isomorphic to 7(A). 

Consider the anti- involution of U g (g) defined by 

(2.2) q h ^q h , e* » QifiKr\ ft ^ q^K^ (i G /). 

By standard arguments, we see that there exists a unique symmetric bilinear form 
( , ) on V(A) with A G P + satisfying 

(v A ,v A ) = l, (q h u,v) = (u,q h v), 

(2.3) 

(ei«,v) = {u,q i f i K i v), (fiU,v) = (u, q i x K i e i v) 

fori el, he P v , u,d£ 7(A). 

Note that (7(A) M , 7(A) T ) = unless /x = r. Moreover, we have: 

Lemma 2.3. XTie symmetric bilinear form ( , ) on 7(A) defined by ()2.3j) zs non- 
degenerate. 

Proof The kernel {n G 7(A) ; (n, 7(A)) = 0} is a {7 9 (g)-submodule not containing 
V\. Since 7(A) is irreducible, it must vanish. □ 

The weights of the irreducible highest weight U q (g,)-modu\e 7(A) satisfy the fol- 
lowing properties. 

Proposition 2.4. Let jj be a weight ofV(X) with A G P + , and let i G P m . 

(a) fx(hi) G Z> . 

(b) lfn{hi) = 0, thenV{\) fl - ai = 0. 

(c) 7/ M (/i i ) = 0, tfien /i(V(A) M ) = 0. 

(d) ///i(^) < 2c i; tfien ei(7(A) M ) = 0. 
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Proof. Set /i = A — a with a G Q + . Write a = ^X=i a iu- Since a.i u (hj) < 0, we have 
a{hi) < 0, which yields fi(hi) = X(hi) — a{hi) > X(hi) > 0. Note that fi(hi) = 
implies that A(/ij) = a iv {hi) = (z/ = 1, . . . , r). Thus /j commutes with all the fi v % 
and kills t>A- Therefore we obtain V^A)^-^ = 0. 

The properties (c) and (d) easily follow from (a) and (b). □ 

Fix i & I, and let Ui be the subalgebra of U q (g) generated by e«, fa and Ug(g). 
Then the algebra Ui can be viewed as a rank 1 quantum generalized Kac-Moody 
algebra associated with the Borcherds-Cartan matrix A = (an). For example, if 
an = 0, then Ui is isomorphic to the quantum Heisenberg algebra. 

Let V = V(X) be the irreducible highest weight ?7j-niodule with a dominant 
integral highest weight A. If an — 2, it is well-known that diml/ = X(hi) + 1. 
If an < 0, then diml/ is given in the following lemma, which easily follows from 
Proposition 12.21 

Lemma 2.5. Suppose an < and let V(X) be the irreducible highest weight U- 
module with a dominant integral highest weight A. Then we have V(A) = Q(q)v\ if 
X(hi) = 0, and {f i l v\} n >o is a basis ofV(X) if X(hi) > 0. 

Observe that the f/j-module structure on V(X) is given by 

(2.4) fjy = f? + \ 

eif?v x = {n}^) + Ci (n - 
3. Category O int 

Definition 3.1. The category O int consists of [^(j^-modules M satisfying the fol- 
lowing properties : 

(i) M = ©^gp M M with dim M M < oo for every \i G P, where 
M M : = {v G M ; q h v = q^ h) v for every h G P v } , 
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(ii) there exist a finite number of weights Ai, . . . , A s G P such that 

s 

wt(M) : = G P; 0} C |J (Aj - Q+) , 

i=i 

(iii) if a& = 2, then the action of fi on M is locally nilpotent, 

(iv) if an < 0, then [J,(hi) G Z> for every \i G wt(M), 

(v) if an < and = 0, then fiM^ = 0. 

(vi) if an < and fi(hi) = 2cj, then e^M^ = 0. 

Remark 3.2. 

(i) Note that if a„ < and //(/ij) < 2c* then e^M^ = 0. Indeed, if //(/ij) < 2cj, 
then (/i + < and /x + ojj is not a weight of M by Definition 13 . II (iv) . 

(ii) By (ii), the action of e, on a {7 9 (g)-module in the category Oi nt is locally 
nilpotent. 

(iii) Note that a submodule or a quotient module of a t/^g) -module in the cate- 
gory Oi n t also belongs to the category mi . Furthermore, it is straightforward 
to verify that the category Oi nt is closed under taking a finite number of direct 
sums and tensor products. 

Proposition 3.3. Let V(A) be the irreducible highest weight U q (o) -module with high- 
est weight A G P. Then V(X) belongs to the category Oi nt if and only if A G P + ■ 

Proof. As we have seen in Proposition 12.41 V(A) belongs to the category Oi nt for 
A G P+. 

Conversely, assume that V(X) lies in the category Oi nt . If an = 2, since fi is locally 
nilpotent on V(A), there exists a non-negative integer Ni such that f^v\ ^ and 
f^ l+l v\ = 0. Hence we have 

= e t f^ +1 v x = [Ni + lUXiK) - Nhf^vx, 

which implies \(hi) = Ni G Z>o- 

If an < 0, we have A(/ij) G Z> by Definition 13. II (iv) . □ 



Proposition 3.4. 
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(a) If V is a highest weight U q (g) -module in the category Oi nt with highest weight 
XeP, then A G P+ andV ~ V(A). 

(b) Every irreducible U g (g) -module in the category O int is isomorphic to some 
V{\) with A G P+. 

Proof, (a) Let v be a highest weight vector of V with weight A. If an = 2, by the 
proof of Proposition I3.3| we have A(/tj) G Z> and +1, y = 0. 

If an < 0, then by the definition of Oi nt , we have A(/ij) G Z> and A(/tj) = 
implies /jf = 0. Hence A G P + , and Proposition 12.21 (b) implies that V ~ V(A). 

(b) Let V be an irreducible U q (g,)-modu\e in the category Oi nt . Since wt(V) C 
Uj=i(-A/ — <5+) for some Xj G P (j = l,...,s), there exists a non-zero maximal 
vector v G V\ for some A G wt(V) C P such that ejf = for every i G /. Then 
y = U q (o)v is isomorphic to V(A) by (a). □ 

We will now prove that every U q (o)-modu\e in the category Oi nt is semisimple. 
Let <p be the anti- involution of U q (g) given by 

(3.1) e* i— > /i, /» ej, q h ^q h . 

Let M = © MgP M M be a t/ g (g)-module in the category Oj nt . We define its /inife 
duaZ to be the vector space 

(3.2) M*: = 0M;, where M;: = Hom Q(g) (M M ,Q(g)). 

Using the anti- involution ip of C/g(fl), we define a t/ g (g)-module structure on M* by 

(3.3) (x • (f), v) = ((f), (p(x) ■ v) for x G U q fa), (j) e M\v e M. 
The following lemma is an immediate consequence of the definitions. 

Lemma 3.5. Let M = Q^pM^ be a U q (g)-module in the category O^. 

(a) There exists a canonical isomorphism (M*)* = M as U q (g) -modules. 

(b) The space M* is the weight space of M* with weight jj,. 

(c) We have 

wt(AT) = wt(M). 
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(d) M* also belongs to the category Oi nt . 



Proof. Since the other statements are evident, we only show that M* satisfies (v) 
and (vi) in Definition Kill 

(v) For i G P m and fi G P with fi(hi) = 0, we have 

(f l M;,M) = (M;,e l M^ ai )=0, 

where the last equality follows from (h i} fi — ctj) = 2cj. 

(vi) For i G P m and fi G P with = 2q, we have 

(e l M;,M) = (M;j l M ll+ai )=0, 
where the last equality follows from (hi, // + Oj) = 0. □ 

Let M be a non-zero f/ 9 (g)-module in the category C^ nt and choose a maximal 
weight A G wt(M) with the property that A + «j is no£ a weight of M for any i G J. 
Fix a non-zero vector G M\ and set V = ^(jj)^. Then by Proposition 13.41 we 
have A G P + and V is isomorphic to V(A). 

Let us take G satisfying 4>\(v\) = 1, and set W = U q (g)(f)\. Then, again 
by Proposition 13.41 W is isomorphic to V(A). 

Lemma 3.6. Let M be a U q (g)-module in the category Oi n t and let V be the sub- 
module of M generated by a maximal vector v\ of weight A. Then we have 

M ~V(B (M/V). 

Proof. We will show that the short exact sequence 

— ► V — > M — ► M/V — > 



splits. 

Take the dual of the inclusion W 
M ^ (M*)*, we obtain a map rj: M ■ 

i/j: V 



> M* to get a map (M*)* — > W*. Since 
(M*)* — ► W*, which yields 

M W*. 
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It is easy to check that the image of v\ under ip is non-zero. Since V ~ V(X) and 
W* ~ V(X)* ~ V(X), ip is an isomorphism by Schur's Lemma. Hence the above 
short exact sequence splits, and we have M ~ V © (M/V). □ 

Using this lemma, we will prove the complete reducibility theorem for the category 

Oint- 

Theorem 3.7. Every U q (g) -module in the category Oi nt is isomorphic to a direct 
sum of irreducible highest weight modules V(X) with X G P + . 

Proof. By Proposition 13.41 (b). it is enough to show that any U q (g)-modu\e M in the 
category O int is semisimple. 

Let U-° denote the subalgebra of U q (g) generated by the elements q h (h G P v ) 
and Ci (i G I). We shall first show that, if M is generated as a [/ g (g)-module by a 
finite-dimensional ?7-°-submodule F, then M is semisimple. We shall argue by the 
induction on the dimension of F. If F ^ 0, let us choose a maximal weight vector 
v\ of weight A G P + in F, and set V = U q (g)v\ ~ ^(A). By Lemma l3~T)| we have 

M (M/V). 

Since M/V = U q {g)(F/(F n V)) and dim(F/(F n V)) < dimF, the induction 
hypothesis implies that M/V is semisimple. Hence M is semisimple. 

Now let M be an arbitrary [/^(g) -module in the category Oi n p Then, for any 
v G M, U-°v is finite-dimensional, and hence U q (g)v is semisimple. Since M is a 
sum of semisimple ?7 q (g)-modules U q (g)v, a standard argument for semisimplicity 
(jH Proposition 3.12]) implies that M is semisimple. □ 

Corollary 3.8. Let M be a U q (g)-module in the category Oi nt . Then for any i G /, 
M satisfies the following properties: 

(a) // an = 2, then M is a direct sum of finite- dimensional irreducible Ui- 
submodules. 

(b) If an < ; then M is a direct sum of 1-dimensional or infinite- dimensional 
irreducible highest weight Ui-submodules. 

Proof. Our assertions immediately follow from Lemma \2. 51 and Theorem 13.71 □ 
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4. Crystal Bases 

In this section, we will develop the crystal basis theory for i7 ? (g)-modules in the 
category Oi n t. The following fundamental lemma easily follows from Corollary 13.81 

Lemma 4.1. Let M be a U q (o) -module in the category Qi n %. Then for any i 6 1, 
we have: 



is either a monomorphism or zero. More precisely, the morphism (|4.1|) is 
injective if % G I TQ and X(hi) > n or if i G I im and \(hi) > 0. Otherwise, it 
vanishes. 

Hence for any weight vector u G M\ there exists a unique family {u n } n( zz >0 of 
elements of M such that 



Note that u n = for n ^> 0, because A + ncti is not a weight of M for n ^> 0. We 
call the expression (b) in (|4.2|) the i-string decomposition of u. 

Remark 4.2. 

(i) The conditions (c) and (d) in (|4.2|) are equivalent to saying that ff l) u n = 
implies u n = 0. 

(ii) If ^2 n>0 fiU n is an i-string decomposition, then ^2 n>0 f^u n+ i is an i-string 
decomposition. However, ^2 n>1 /j w n _i is not necessarily an z-string decom- 
position. 




(4.1) 



fl n >: Kere,nM A ^M A 



(4.2) 



(a) u n G Kerei n M x+noii , 

( b ) M = E„>o 

(c) if i G J re and (/ij, A + nai) < n , then u n = 0, 

(d) if i G J im , n > and (hi, A + naj) = 0, then u n = 0. 
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Definition 4.3. For i G / and u G M, let u = ^2 n>Q fi u n be the z-string decom- 
position of u. Then the Kashiwara operators ej and fi on M are defined by 

(4.3) ~e lU = ft 1] u n , /i« = E 

n>l n>0 

By Lemma HUl if w = X] n >o fi u n with w G M A and w n G Ker fi M A+nQi , then 
we have 

(4.4) e lU = ft l) u n and jU = £jf + V 

n>l, n>0 

Note that if an < 0, then = /j, but e« 7^ (see Lemma 14.51 below and the 
remark after ()4.(ij) ). Note that we have 

(4.5) ti o ^ \ Mx = id A / A if an < and \(hi) > 0. 

We now define the notion of crystal bases for L^(0)-modules in the category Oi n t- 
Let Ao be the localization of the polynomial ring Q[g] at the prime ideal Q^g: 

A = {f/g; f,geQ[q], g(0) ^ 0} . 

Thus the local ring A is a principal ideal domain with Q(q) as its field of quotients. 

Definition 4.4. Let M be a U q (o)-modvle in the category Oi nt . A crystal lattice of 
M is a free A -submodule L of M satisfying the following conditions : 

(i) L generates M as a vector space over Q(g), 

(ii) L = AeP L\, where L\: = L(~) M\ , 

(iii) CiL C L and f]L G L for every i £ I. 

The map Ao 9 / 1 — ► /(0) G Q induces an isomorphism 

A /gA ^> Q, 

and we have 

Q ®a L ^ L/qL. 
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The passage from L to the quotient L/qL is referred to as taking the crystal limit. 
Since the Kashiwara operators §i and /, preserve the crystal lattice L, they also 
define operators on L/qL, which we will denote by the same symbols. 

Lemma 4.5. Let L be a free Ao-submodule L of M G Qi n t satisfying the conditions 
(i) and (ii) in Definition ^. 4\ 

(a) L is a crystal lattice if and only if L = ® n>0 ■ (Kere* H L) for every i £ I . 

(b) Let Ei and Fi be operators on M such that 

&iJi v — a i,n,\Ji V, V — O i)n ^Ji V 

for v G Kerej D M\ with f- n ^v 7^ 0. Here, a i)n \ and b in \ are invertible 
elements of A®. 

Then L is a crystal lattice if and only if EiL C L and F^L C L. Moreover, 
if we define the operators Ri and Si by 

Rrfl n) v = a hn , x (0)fj n) v, Stf^v = W(0)/i (B) «. 

then RiL C L, SiL C L and the induced action of Ei iresp. Fi) on L/qL 
coincides with that of ei o Ri {resp. fi o Si). In particular, we have E^ l (L) = 
e-\L). 

Proof. Since the other statements are obvious, let us show that if E^L C L and 
FiL C L, then L = © n>0 /j (Ker e« fi L). The condition FiL C L implies that 
L D © n>0 (Ker e« fl L). In order to show the inverse inclusion, let J2n=o fi u n 
be the z-string decomposition of u G L\. Let us show that every u n belongs to L by 
the induction of N. Since we have 

N 

EiU = O-i^X+noufi ^ ^) 

n=l 

the induction hypothesis implies « n 6 L for n > 1. Hence w = u ~ Yl n >i fi^ u n 
belongs to L. □ 
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Note that for u G Kere^ H Ma, we have 



2(o+l-n) 



(4.6) 




(l-^a-rf 6 *) 



u if a„ < 0, 



if i e I 



re 




if an = 0, 



where a = A(/ij). Hence when < 0, we can use q i instead of e^. 

Definition 4.6. Let M be a [7 9 (g)-module in the category 0^. A crystal basis of 
M is a pair (L, 5) such that 

(i) L is a crystal lattice of M, 

(ii) £? is a Q-basis of L/qL = Q ®a„ 

(iii) 5 = U AeP B x , where S A : = B n (L x /qL x ), 

(iv) £;.B C B U {0} and pcBU {0} for every z G J, 

(v) for any j G 7 and b, b' G 5, we have /j& = 6' if and only if b = e$ . 

The set B is endowed with a colored oriented graph structure whose arrows are 
defined by 



The graph B is called the crystal graph of M and it reflects the combinatorial 
structure of M. For instance, we have 

dim Q(g) M x = rank Ao L A = #5 A for every A G P. 

(See, for example, [UJ Theorem 4.2.5]. See also Proposition 14.91 below.) 

Theorem 4.7. Let M be a U q (g>) -module in the category Oi n t and let (L,B) be 
a crystal basis of M . For i G I and u G L\, let u = Y2i>o ff^ u i ^ e the i-string 
decomposition of u. Then the following statements are true. 

(a) u\ G L for every I G Z> . 

(b) If u + qL G B , then there exists a non-negative integer l such that 



b 



b' if and only if fib = b' . 



(i) Ui qL f or every I ^ I, 

(ii) ui +qL G B, 



0; 
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(iii) u = ff o) Ui mod qL. 
In particular, we have e(a = «i and feu = fi 0+l ^ui Q mod qL. 

Proof. The proof is the same as the one given in (TU1 Proposition 2.3.2] (see also [UJ 
Proposition 4.2.11]). □ 

Let M be a C/ 9 (fl)-module in the category ini with a crystal basis (L,B). For 
i G 7, we define the maps wt : 7? — > P, : 7? — > Z>o and (pi~. B —>■ Z>o U {oo} by 

wt(6) = A for o G 5 A (A G P), 

(4.7) £i(&) = max {/ > ; e./o G B) , 

¥>i(6) = maxjz > 0; f/b G b| . 

Note that for % G 7 im , we have (see Example 15. lj) 



if </ii,wt(6)) = 0, 
oo if (hi,wt(b)) > 0. 

Then, using Theorem 14.71 we can easily prove the following proposition. 



Proposition 4.8. 

(a) Ifb&B\ satisfies ejb G B, then 

wt(e;o) = A + cti, Ei{eib) = e^b) - 1, = + 1. 

(b) If b £ B\ satisfies fib G 5, i/ien 

wt(/i6) = A - on, Si(fib) = Siib) + 1, = <Pi(6) - 1. 

Proposition 4.9. For any n G Z>o and i & I , we have 

(J?MnL)/(f?MnqL)= Q&. 

£i(b)>n 

In particular, we have 

dim Q(9) (tf M) A = #{&GB A ; > n} . 
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Proof. Since L = © m>0 / 4 (Ker e» fl L) by Lemma E3| one has 
L/qL = /f m) (Ker e t fl L)/g/ t (m) (Ker e, fl L). 

m>0 

If 6 G £> satisfies = m, then 6 belongs to (Ker e, fl L)/qf- m \Ker fl 

L). Hence £*(&) = m} is a basis of /f^Ker e; n L)/g/ t (m) (Ker e* fl L). To 

complete the proof, it is enough to note that /f M n L = ® m >nf^ m) (Ker e« fl L). □ 



5. Tensor Product Rule 

Fix i 6 /, and let C/j be the subalgebra of U q (g) generated by e«, fi and U®(g). In 
the following example, we investigate the structure of crystal bases for irreducible 
highest weight L^-modules. 

Example 5.1. Let V: = V(X) be the irreducible highest weight £/j-module with 
m : = X(hi) G Z> and highest weight vector V\. 

(a) If an = 2, then we have 

K lVx = q?v Xl e t v x = 0, f™ +1 v x = 0, 
aiidV' = 0£ o Q( g )//V Set 

m 

i = 0A o A and S = {v A ,/ iVA ,...,/ i M VA }. 

1=0 

Then (L, £?) is a crystal basis of V with the Kashiwara operators given by 

= iTW /A) = 

Moreover, we have 

wt (/f )w a) = A - Zai, Ei(ff ] vx) = I, <fi{fi l) v x ) = m-l. 

(b) If djj < and A(/ij) = 0, then we have 

KiV X = v x , CiV X = fiVx = 0, and V = Q(q)v\. 
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Set L = A v\ and B = {v\}. Then (L, B) is a crystal basis of V, and 
eiV X = fiV X = 0, wt(v x ) = A, £i{v x ) = (pi(v x ) = 0. 

(c) If an < and m : = A(/ij) > 0, then we have 

K lVx = q?v x , e lVx = 0, and V = 0Q(g)/^. 

z>o 

Set 



L = 0Ao//ua and B = {f\v x ; I > 0} . 

Z>0 

Then (L, 5) is a crystal basis of V with the Kashiwara operators given by 

Wbx) = ft'vx, kflvx) = fl + W 

Moreover, we have 

wt(/-v A ) = A - Ion, ei{f\v x ) = I, ipi(f l iV X ) = oo. 

Now we are ready to state the tensor product rule for crystal bases of U q (g)- 
modules in the category Oi nt . 

Theorem 5.2. Let Mj be a U q (g)-module in the category Oi nt and let (Lj,Bj) be a 
crystal basis of Mj (j = 1,2). Set 

M = M X ® Q((?) M 2 , L = Li ®a L 2 , B = B x ® B 2 . 

Then (L, B) is a crystal basis of M , where the Kashiwara operators and fi (i G I) 
on B are given as follows : 



ei(bi ® b 2 ) 



2) 



hbi <8> b 2 if <fi(bi) > €i(b 2 ), 

bi <S> if (fiih) < Ei{b 2 ), 

fih ®b 2 if (pi(bi) > Ei(b 2 ), 

bi ® fib 2 if ifi(bi) < Si(b 2 ). 
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Proof. By Theorem 14 .7\ it suffices to prove the tensor product rule for irreducible 
highest weight f/j-modules Mi = V(A) and M 2 = V(fi) with a: —X(hi) G Z> and 
b: = n(hi) G Z> . 

If an = 2, our assertion was already proved in p. (See also Theorem 4.4.3], 
fH\ Theoreme 2.3.5]). 

If an < 0, set Cj = ~~^ a a £ Z>o- If a = or 6 = 0, then our assertion is trivial. 
We assume that a, b > 0. Then, by (|4.5jl . we have t%o fi = idM 1 ^M 2 an d 

Ml = V(A) = e,> Q(g)//«, M 2 = V(ji) = 0,> o Q(g)/fo 

= ©/>o A of^, L 2 = ©j> Ao//u, 

Bi = {//m mod qLi;le Z> } , .62 = {f\v mod qL 2 ; I E Z> } , 

where 

e^u = ejf = 0, KiU = qf u = qfu, KiV = q? v = q\v. 
Consider the A -lattice 

L = Li ® Ao ^2=0 A (/|« ® /»• 

«,m>0 

We have 

® /» = (/< ® 1 + ^ ® /<)(/!« ® /» 

= <g> /> mod gL. 

Therefore, we have /jL C L and 

/i(/^®/»=/i(/i«)®/> modgL. 
On the other hand, we have (see Lemma f4. 51 and ([4.6)1 ) 

q^K^flu ® /» = (gf 1 !^ ® 1 + ^ ® q^K^Mu ® /» 

= {q^K^flu) ® /™ V + gf+^ii ® q^KietfPv 
= {q^K^flu) ® /> mod gL. 
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Therefore, we have e«L C L, and e.i(u <8> /™f ) = mod qL. For / > 0, we have 

Uf\ ® /» = ei/iC/i" 1 ® /» = /i" 1 ® /> mod qL. 
Hence (L\ ® L 2 , B\ ® B 2 ) is a crystal basis with the desired action of and JV □ 



6. Crystal basis for U (g) 

In this section, we will define the notion of crystal basis for U~ (g) following [HI] ■ 
Although JU] treated the Kac-Moody case, similar arguments can be applied to 
the generalized Kac-Moody algebra case with slight modifications, and we omit the 
details. 

Fix i E I. For any P G U~(g), there exist unique Q, R G U~(g) such that 

K t Q - K^R 



(6.1) 



CiP - Pd 



Qi ~ Qi 



We define the endomorphisms e-, ef : C/ (g) — > U q (g) by 

(6.2) e[{P) = R and e"(P) = Q. 
Then we have the following commutation relations : 

(6.3) ej/j 7, ; • 4f3 = Cfi< + *<3 for any i, j G J. 
Recall that q : = —an/ 2 and set 



,'(0 




if o»i = 2, 



if a,, < 0. 



By the commutation relation (|6.3jl . we have 
(6.4) 

j{ m -k) e ^ n -k) j£i = j and a i4 = 2, 

jm j ^-fc)^) ifi = ianda ..< 0; 



E 9, 

fc=0 



-2nm+(n+m)fc-fc(fc-l)/2 



fe=0 



-Ci(-2nm+(n+m)fc-fe(fc-l)/2) 



J j i 



if i ^ j. 
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By a similar argument in [TUj . one can show that there exists a unique non- 
degenerate symmetric bilinear form on U~(g) satisfying 

(6.5) (1, 1) = 1, (fP, Q) = (P, e[Q) for all i G I. 
Let * be the anti- involution of U q (g) defined by 

e* = e h f* = fi and (q h y = q~ h for all % G /, h G P v . 

Then we have 

(6.6) (P*, Q*) = (P, Q) for any P, Q G £/~( ). 
We define the following operator on U~(g) : 

(6.7) P = ^(-l)V n(n ~ 1)/2 ^ n) e- (n) . 

n>0 

Then Pj is the projection operator to Ker(e^) with respect to the decomposition 
U~(g) = Ker(eQ © fiU~(g). More precisely, we have the following result. 

Proposition 6.1. For each % G I , every u G U~(g) can be uniquely expressed as 

(6.8) *=£/< w ««, 

where e\ui = /or every / > and = /or / ^> 0. Moreover, we have 



We call (|6.8|) the i-string decomposition of it. 



Definition 6.2. For i G J and u <E U q (g), let w = Yli>o fi u i ^ e ^ ne ^-string 
decomposition. Then the Kashiwara operators and /j on £7~(g) are defined by 

(6.9) g t «=E^" 1) «'. /*« = E/f ,+ V 

z>i z>o 

Note that the left multiplication operator f: £/r(g) — > £7r(g) is injective. Hence 
we have 

(6.10) e* o ft = id v -^ . 
Definition 6.3. A crystal basis of U~(g) is a pair (L,B), where 
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(i) L is a free A -submodule of U~(g) such that U~(g) ~ Q(?) ®a 

(ii) £? is a Q-basis of L/qL ~ Q ®a A 

(iii) e^L C L and fiL C L, 

(iv) e 8 5cBU {0} and C B, 

(v) For 6, 6' G -B, we have /j& = b' if and only if h = e$ '. 

Proposition 6.4. Let (L,B) be a crystal basis ofU~(o). Fori G / and u G L_ a , 
consider the i -string decomposition 

u = fi ui with e\ui = 0. 

l>0 

Then the following statements ar true. 

(a) u\ G L for every I > 0. 

(b) If u + qL G B , then there exists a non-negative integer l such that 

(i) Ui G qL for every I ^ l , 

(ii) ui +qL G B, 

(iii) u = ff o) Ui mod qL. 

7. Existence of Crystal Bases 

In this section, we will prove the existence of crystal bases for the algebra U~(q) 
and for ?7 g (g)-modules in the category Oi nt . Assuming the existence theorem, the 
uniqueness of crystal bases can be proved by the same argument as in [TUj or 
Section 5.2]. 

Let A G P + be a dominant integral weight and let V(A) be the irreducible highest 
weight £/g(g)-module with highest weight A and highest weight vector v\. Let L(X) 
be the Ao-submodule of V(A) generated by the vectors of the form 

fix ■ "firV\ (r > 0, zi, . . . ,i r G I) 

and set 

B(X) : = [f h ■ • • f tr v x + qL(X) ;r>0, i lr .,i r £j}\{0} 
C L(X)/qL(X). 
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Similarly, we define L(oo) to be the free A -submodule of U~(q) generated by the 
vectors of the form 

fh ■■■fi r - 1 (r > 0, . . .,i P e I) 

and set 

B(oo) : = (f h ■ ■ ■ f ir ■ 1 + qL(oo) ; r > 0, i u . . . , i r G l\ C L(oo)/gL(oo). 
Our goal is to prove: 

Theorem 7.1. 

(a) T/ie jrair (L(A),5(A)) is a crystal basis ofV(X). 

(b) T/ie £>tnr (L(oo), .B(oo)) is a crystal basis ofU~(o). 

It is easy to see that L(X) has the weight space decomposition L(X) = AtgP L(X)^, 
where L{X)^ is the Ao-submodule of L(X) generated by the vectors of the form 
fh ' " " fi r v x such that A — (ct^ + • — h a ir ) — Similarly, -B(A) has the weight set 
decomposition -B(A) = U/zgp ^W^- By the definition, we have, for a G Q + \ {0} 

L(X)x- a = Yl fM^x-^) and 5(A) A _ Q = (\J fi(B(X)x-a+oSj \ {0}- 

Since V(A) M = £\ /iV(A) M+ai , we can easily see that V(A) = Q(g) <g> Ao L(A). 
Hence in order to prove (a), it remains to prove the following statements: 

(1) CiL(X) C L(X) for every i G /, 

(2) eiB(X) C B(X) U {0} for every i G /, 

(3) for alH G / and b, V G B(X), fib = b' if and only if b = Bib', 

(4) B(X) is a Q-basis of L(X)/qL(X). 

Similarly, to prove (b), we need to prove : 

(1) ejL(oo) C L(oo) for every i E I, 

(2) CiB(oo) C B{oo) U {0} for every i G /, 

(3) for alii G / and b, b' G -B(oo), fib = b' if and only if b = , 

(4) B(oo) is a Q-basis of L(oo)/qL(oo). 

We will prove these statements using an interlocking induction argument on 
weights, called the grand-loop argument, employed in [TU] . 



26 K. JEONG, S.-J. KANG, M. KASHIWARA 

For A G P + , let it\: U~(q) — > V(X) be the U~(g) -module homomorphism given 
by P m Pv\. For dominant integral weights A,/iG P + , there exist unique t/g(fl)- 
module homomorphisms 

$ x y.V(\ + Li)^V(\)®V(Li), 

*xy.v(\)®v(n)^v(\ + n) 

satisfying 

It is clear that * A)/Lt o $ A>(U = id y(A+M ). 

Let ( , ) denote the symmetric bilinear form on irreducible highest weight U q (g)- 
modules defined in (|2.Hjl . and let us define a symmetric bilinear form on V(A) <g> V(//) 
by 

(7.1) («i ®M 2 ,«l ® t> 2 ) = («l,«l)(«2,V2) 

for Ui, V\ G V(A) and u 2 , v 2 G Then this form on V(X) <S> V(fj) also satisfies 

(7.2) (q h u,v) = (u,q h v), (feu, v ) = (u, q^E^y), (e^u,v) = (u, qJiK^v) 
for alH G I and u, v G V(A) ® V(/x). Moreover, we have 

(7-3) = (u,$ A ») 

for all k G V(A) (g) K(/i) and v G F(A + //). 

Let r G Z> be a non-negative integer, and set 

Q + (r): = {a G Q+ ; |a| < r} . 

For A, /i G P + and a G Q+(r), we will prove that the following interlocking inductive 
statements are true, which would complete the proof of Theorem 17.11 

A(r) : ejL(A) A _ a C L(X) for every i G /. 

B(r) : ej-B(A) A _ a C 5(A) U {0} for every i G J. 

C(r) : For alH G /, 6 G £>(A) A _ a+ai and 6' G £>(A) A -«, we have 

fib = b' if and only if b = e$ '. 

D(r) : 5(A) A _ a is a Q-basis of L(A) A _ a /gL(A) A _ a . 
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E(r) 


$\ „(L(A + u)\ 4- „ ™) C L(A) (X> LCu) 


F(r) 


\I/a ,,((!/( A) <8> L(u))\+„ n ) C LfA + u). 


G(r) 


^ (7PfA) <X> Pfu)^ ) r B(\ + u) U 101 


H(r) 


e~iL(oo)_ a C L(oo) for every i G P 


I(r) 


ei_B(oo)_ a C P(oo) U {0} for every 2 G P 


J(r) 


For all i e J and 6 G i?(oo)_ a , if e"j& 7^ 0, then 6 = /je 


K(r) 


P(oo)_ a is a Q-basis of L(oo)_ Q ,/gL(oo)_ a . 


L(r) 


7r A (L(oo)_ Q ) = L(A) A _ a . 


M(r) 


For any P G L(oo)_ Q+Qi , we have 



fi(Pv x ) = (fiP)v x mod qL(X). 



N(r) : If 7r A : (L(oo)/gL(oo))_ a — ► (P(A)/aP(A)) A _ Q is the induced homo- 
morphism, we have 

{6 G P(oo)_ Q ; 7f A (&) 7^ 0} ^ P(A) A _ Q . 

O(r) : If 6 G P(oo)_ a satisfies 7f A (6) 7^ 0, then we have eiW\(b) = 7f A (ejfe). 

Note that the above statements are true for r = and r — 1. From now on, we 
assume that r > 2 and the statements A(r — 1), ... , 0(r — 1) are true. 

In the sequel, for A G P + , "A > 0" means u X(hi) > for all i G J". For instance, 
"for any P G L(oo), we have Pr A G L(A) for A 3> 0" is paraphrased as "for any 
P G L(oo), there exists a positive integer m such that Pv\ G L(A) whenever A G P + 
satisfies A(/ij) > m for all % G P. 

Lemma 7.2. Zei a G <5+(r — 1) and & G P(A) A _ a . If efb = /or every i, then we 
have a = and b = v\. 

Proof. If a 7^ 0, then there exist i and b' G P(A) A _ a+ai such that b = Then 
C(r - 1) implies e^o = b' ^0. □ 

Lemma 7.3. Por a G Q+(r — 1), let u = ^2^ =0 fi^u n G V(X)\^ a be the i-string 
decomposition, where u n G Kerej fl \^(A) A _ Q+nai . 

(a) If u G £(A), £/ien w n G L(X) for every n > 0. 
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(b) If u + qL(X) G B(X), then there exists a non-negative integer hq such that 
u = filing mod qL(X) and u n G qL(X) for n ^ n . 

Proof, (a) We will use the induction on N. If N = 0, there is nothing to prove. If 
N > 0, A(r — 1) implies = J2n=i fi n ~^ u n £ L(\). By the induction hypothesis, 
u n G L(X) for every n — 1, . . . , N. Hence u — u — J2n=i fi u n £ which proves 

(a). 

(b) If TV = 0, our assertion is trivial. If N > 0, by B(r — 1), we have e~iU + qL(X) G 
B(A)U{0}. 

If ej-u G qL(X), then (a) implies that G qL(X) for every n > 1, and u = u 
mod qL{X). 

If e^ii ^ qL(X), then ej-u + gL(A) G -B(A). By the induction hypothesis, there exists 
n > 1 such that e.{U = f- n ° ^u no mod qL{X). Hence by C(r — 1), we obtain 

u = fiiiU = fifi n °~ 1] u no = f- no) u no mod qL(X). 

Therefore u n G qL(X) for n ^ n by (a). □ 

Lemma 7.4. For a G <5+(r — 1); let u = Yln=o fi^ u n e U~(Q)_ a be the i-string 
decomposition. 

(a) If u G L(oo), i/iera w„ G L(oo) for every n > 0. 

(b) If u + qL(oo) G B(oo), then there exists a non-negative integer no sttc/i £/ia£ 
m = f^u no mod qL(oo) and u n G qL(oo) for n ^ n . 

Proof. The proof is similar to that of the preceding lemma. □ 

For a G Q + (r - 1) and b G B(X) X - a , we set e^b) = max{n > ; e^b ^ 0}. We 
define 

£i (6) + (^,wt(6)) iHG/ re , 
(Pi{b) = < if i G I im and (h h wt(6)> = 0, 

cx) if i G J im and (^,wt(fe)) > 0. 

Note that ifi(b) = implies fib = 0. 
Lemma 7.5. Suppose a, ft G Q+(r — 1) and 6 G S(A)A- a , G _B(//) M _g. 
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(a) For each i G I , we have 

fi{L{\)x- a ® L{n)^ p ) c L(A) ® L(fi), 
e ~i(L(\)\_ a ® L{n)^) c L(A) ® L(/i). 

(b) For eachi G /, t/ie tensor product rule holds in (Z/(A)®L(/z))/g(L(A)®L(/^)) : 

7,6 6' ifp i (b)>e i (b'), 
b®0 if<Pi(b)<ei(l/), 

g;6®6' if<Pi(b) > 6i(b'), 
b®eib' if(pi(b)<ei(b'). 



7(6® 6') 



g;(6® b') 



(c) For each i & I, we have 

/i(S(A) A -a ® c (5(A) ® U {0}, 

g ?; (5(A) A _ Q ® c (£(A) ® U {0}. 

(d) Ifei{b®b') ^ 0, then b b' = 7^(6® 6'). 

(e) If e~i{b ® 6') = /or every i & I, then b — V\. 

(f) For eac/i i £ I, we have 

fi(b ® Vp) = fa ® Vp or fib = 0. 

(g) For any sequence of indices ii, . . . ,i r & I , we have 

fix"- fir(V\ ® t7J = (7u • • • 7r U A) ® U/i m ° d ® L (/") 

or fix'" fi r V\ G qL(X). 

Proof, (a) By Lemma l7.Hf a). it suffices to prove the following statement: for « G 
Ker(ej) n L(X) x ^ a+noit and r G Ker(ej) n L(^) iU _ iS+ma ., we have 

7(/- (n) «®/f ) ^)e^(A)®L( / i)., 
ei(fj n) u ® /f m) w) G L(A) ® 

Let L be the free A -submodule of V(A)(£)V(/i) generated by the vectors fi^u^ff'v 
(s,t > 0). Then by the tensor product rule for {/^-modules, we have ejL C L 
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and fiL C L. Hence our assertion follows immediately from the fact that L C 
L(A)®L(/i). 

(b), (d) By Lemma ITTST rA we may assume that b = f^u + qL(X) and b' = fj; v + 
qL(n) with e^w = and e^u = 0. Let L be the A -submodule generated by f^u ® 
fi^v (s, t > 0). Then by the tensor product rule for [/j-modules, our assertion holds 
in L/qL. Since L C L(X) <g> we are done. 

The statements (c) is a simple consequence of (b). 

(e) By (b), we have e^fe = and Lemma \7.'2\ implies the desired result. 

(f) By the tensor product rule (b), we have fi(b (g> t> M ) = fib £g> t> M unless (pi(b) = 0, 
in which case fib = 0. 

(g) This is an immediate consequence of (f). □ 
Proposition 7.6 (E(r)). For every a G Q+(r), we have 

$ AlM (L(A + fi)x+^-a) C L(X) ® L(/i). 

Proof Recall that L(A + /i)A+ At - Q = ^ /«-^(^ + / i )A+/x-a+a i - By E(r — 1) and Lemma 
17.5( a). we obtain the desired result. □ 

Lemma 7.7. Let ii,...,i r be a sequence of indices in I. Suppose that i t ^ it+i = 
■ ■ ■ = i r for a positive integer t < r. Then for any dominant integral weight fx G P + 
and X = Ai t , we have 



for some b G B(X) X - a U {0}, b' G B(p)^p U {0} and a, G Q+{r - 1) \ {0}. 
Proof. Since A it (h ir ) = 0, we have /i r i>A = 0. Hence we get 

fir(Vx ®V) = (fir ®l+K ir ® f ir )(v X (g) V )=V X ® fiV 

for every v G V(fj), which gives 



fh--- f ir (v x ® VlM ) = b®b' 



mod qL(X) ® 



(r-t) 
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Since ei t (v\ ® //j v^) = 0, we have 

= {f it ®l+K it ®f it ){v x ® ft\) 

= f it vx®ftX + C H) vx®fijt% 

= fun ® /r^ m ° d ^ l ( a ) ® l (a0- 

Hence Lemma 17.5( b) yields our assertion. □ 
Lemma 7.8. For ever?/ a G Q+(r), we /icwe 

(L(A) ® L(//)) A+M _ a = /<(i(A) <g> F(/i)) A+At _ a+ai + r A <g> L(ji)n- a . 

i 

Proof. Let L be the left-hand side and V be the right-hand side of the above equa- 
tion. We already know L' C L by Lemma 17.5( a). By Lemma 17.5( e). for any 
j3 G Q+(r — 1) \ {0} and b (g) b' G B(X)\-p ® S(//)^_ a+j g, there exists z G / such that 
ej(& ® 6') 7^ 0. By Lemma ITBT d). we have 

b®b' = fiei(b®b') mod gL(A) <8> L{n). 

Hence L(A) A _/3 <£> L(fjL)n- a +0 cL' + gF, and we obtain 

L = L(\) X - a <8> r/ M + 2j L(A) A _/3 ® L(/i) M _ Q+/3 + w A ® L(/i) M _ Q 

/3GQ+(r-l)\{0} 

C L(A) A _ a <g> u M + L' + qh. 
Note that for any f i± ■ ■ • fi r v\ G B(X)\_ a , Lemma l73T f) yields 

(fh ■ ■ ■ fi r v\) (S)v^ = f h f i2 ■ ■ ■ f ir {v\ ® Vy) mod qL(X) ® L(/x). 



It follows that L(A) A _ a ®f (U C L' + qL and hence L C L' + qL. Then by Nakayama's 
Lemma, we conclude that L = L'. □ 
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For A,/i G P + , define a linear map S\ ijU : V(X) <g> V"(/i) — > V(X) by 
S\,^(u <S> Vp) = u for every w G V(A), 

(7 ' 4) s f Arfi (y(A)®X;/ i v( A i)) = o. 

i 

Note that S\ tfl is a t/~(g)-module homomorphism. 
Lemma 7.9. 

(a) For all X, \i G P + ; we /mue S\^(L(X) <g> L{jj)) = L(X) . 

(b) For a// a G — 1) and w G (L(X) ® L(n))\ + ^ a , we have 

S\ tll o fi(w) = fi o Sx,fi(w) mod qL(X). 
Proof, (a) is obvious. 

(b) By Lemma f7.3| we may assume that w = tf n) u <8> with u G L(A), u G 
and e^M = eiV = 0. Let L be the A -submodule generated by // it ® //'^ (s, t > 0). 
Then the tensor product rule for [/(-modules yields 

x £ (n+l) Am) Jn) „ *(m+l) , r 

/jiy = /> m (g) /> t> or j> u (g) /> f mod gL. 

Observe that S\^(fiw) = fi(S\^w) = mod gL unless m = and v G L(/i) M = 
A f M . If m = and v = u M , then we have 



/iW = fi{fi u®v^) 



ft +1) u®v^ mod qL if / (n+1) w ^ 0, 
// n) «®/^ modgL if/f +1) u = 0. 



In both cases, we have S^ifiw) = f- n+1) u = fiff'u = fiSx^(w) mod gL(A). □ 

Lemma 7.10. Let a G and m G Z> . TTien i/iere exists a positive integer N 

satisfying the following properties: if X G P + and u G ^(A)a- q satisfies q~ x KieiU G 
q N L(X), then we have 

(a) jfw = fj m) u mod qL(X), 

(b) eifiU = fi m ~^u mod qL(X) if i G J rc and m < (/ij,A — a) or if i P m 
and X{hi) > 0. 
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Proof. Let u = Yln=ofi n ^ u n be the z-string decomposition of u. Then we have 

r 

n=l 

with q^KiCif^Un G // n_ ^(Ker e»). Hence Lemma 17751 implies that q^Ksesf^u* G 
q N L(\) for n > 1. By flUJ), we have /f _1) w„ G A (gr 1 iT i e i ./f l) u n ) for n > 1. We 
then conclude it n G q N L(X) for n > 1 by Lemma f7. 31 

Hence if iV » 0, the elements f^ft^n, ft'^ft^n, /< (m+n) Wn belong to gL(A) 
for n > 1, which implies 



f> = E ^ u " s ^ (m) «o mod 9 L(A) 

n=0 

and 

/* M « = E f^ft^n = ft ] u* mod qL(X). 

n=0 

Hence we obtain f™u = fj; u. Similarly we have = f- m u = f^ m uo- 

On the other hand, we have fl u = Y7 n =o a nfi m+nS) u n , where a n is a g-binomial 
coefficient or 1 according as i is real or imaginary. Since a n f^ n+m u n G a n q N L(X) C 
qL(\) for n > 1 and N >0, (IQj) yields 



(n+m— 1) 



/ i (m " 1) «o if/fWo modgL(A), 
if// m) « = modgL(A). 

However, by the conditions in (b), f^uo = implies uq = 0. Therefore we conclude 
*/, H « ee ft^uo = ft' 1] u mod qL(X). □ 

Lemma 7.11. Let a G Q+{r) and P G U~(q)_ ■ Then for every A ^> 0, we have 

CfiP)v x = UPv x ) mod qL(X), 
(eiP)v x = e~i{Pvx) mod qL(X). 
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Proof. We may assume that P = f- n ^Q with e[Q = 0. Then 

q-'KMQux) = (1 - qf )- 1 (e:Q - K?e»Q)u x 

= -(1 - gfr\ 2( " l ' A+Ql+wt(Q)> (<QK 

Hence by the preceding lemma, we have for A ^> 

fi(ft ] Qvx) = ft +1) Qvx and e { (f^Qv x ) = ft^Qvx- 



□ 



Proposition 7.12 (M(r)). For any A G P + , a G Q+(r — 1) and P G L(oo)_ a; we 
/jane 

= /»(P«a) mod qL(X). 
In particular, we have (f h ■ ■ ■ f ir ■ l)v x = f h ■ ■ ■ f ir v x mod qL(X). 
Proof. Take > 0. Since A + /x ^> 0, Lemma 17. 1 II yields 

(fiP)v x+fl = fi(Pvx+fj) mod qL(X + ji). 
By Proposition 17. applying $a, m gives 

(7.5) (f i P)(v x ®v fl ) = f i (P(v x ®v li )) modgL(A)®L(/j). 

On the other hand, we have 

P(v x ® i>„) = $a, m (P^a+ m ) G L(A) ® 
by L(r — 1) and E(r — 1). Applying S X)ft to (|7.5|) . Lemma 1731 implies 

(fiP)v x = fi(Pv x ) mod qL(X), 
as desired. □ 
Proposition 7.13 (L(r)). For any A G P + and a G Q + (r), we /lave 

tt a (L(oo)_ q ) = L(X) X - a . 
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Proof. By Proposition 17. V2\ we have 

x\(fh ■ ■ ■ h • 1) = fh • ■ • fi r v\ mod qL(\). 

It follows that 

7r A (L(oo)_ a ) C L(X)x-a and L(A) A _„ C 7r A (L(oo)_ a ) + gL(A) A _„. 

Now the desired result follows from Nakayama's Lemma. □ 

Corollary 7.14. LetT\: (L(oo)/gL(oo))_ Q — > (L(A)/gX(A)) a _ q be the surjective 
Q-linear map induced by 7r A . 

(a) For (3 G Q+(r — 1) and b G i?(oo)_ /3 , w;e /lave 

7fA(/i&) = fjt\{b). 

(b) For a; G Q+(r) and A G P + ; we have 

(W x B(oo)_ a )\{0} = B(\) x _ a . 

(c) Given a G Q + (r), ta£;e A ^> 0. Then tt\ induces the isomorphisms 

L(oo)_ Q ^ L(A) A _ a , 5(oo)_ Q \ {0} ^ 5(A) A _ a . 

Proof, (a) is an immediate consequence of Proposition l7.12l and (b) follows from (a). 
Finally, (c) follows from the fact that 7r A : U~(q)_ — > V(A) A _ a is an isomorphism 
for A > 0. □ 

Now we will prove the statements A(r) and H(r). Fix A G P + , i G / and 
a = + ■ • ■ + ai r G Q + (r). Let T be a finite subset of P + containing A and the 
fundamental weights A^, . . . , Aj r . Since T is a finite set, we can take a sufficiently 
large Ni > such that 

ejL(/i) /J _ a C q~ Nl L(fi) for every fx G T. 

Let A^ 2 > be a non-negative integer such that 

ejL(oo)_ Q C q~ N ' 2 L(oo). 
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Then for every \x 3> 0, by Lemma [7.111 and Proposition 17. 1H( we have 

SiLQi)^ = ei(L(oo)_ Q ^) C (ejL(oo)_ Q )^ + qL(n)^_ a 
C 9 _iV2 L(oo)_ Q ^ + gL(//) M _ Q C q' N2 L(/j). 

Therefore, given a G Q+(V), there exists a non- negative integer iV > such that 
e i L(//) At _ a C q~ N L([i) for every /i > 0, 

(7.6) e;L(r) T _ Q C q~ N L(r) for every r G T, 

ejL(oo)_ Q C q~ N L(oo). 

Lemma 7.15. Given a G Q+(r), let N > be a non-negative integer satisfying 
fJ7.6|) . TTien /or even/ /i ^> and r G T, we /iat>e 

e,((L(r) ®L(//)) T+/ ,_J C g-*(£(r) ® £(//)). 

Proof. For w G L{r) T -p and t> G L(/i)^_ 7 with a = /3 + 7, let us show e«(u (g) t> ) G 
q~ N (L(r) £g> L(ijl)). If /? 7^ and 7 7^ 0, we already proved our assertion in Lemma 
ITSTa). 

If /3 = 0, then 7 = a and we may assume u = v T . Let v = f\ v m with 
CiVm = be the i-string decomposition of v. By f!7.6|) . we have 

m>l 

Lemma 1731 implies that v m G q~ N L(/i) for every m > 1. Let L be the A -submodule 

generated by the vectors f- -v T ® f®v m (s, t > 0, m > 1). Then we have e^L C L. 
It follows that 

<g, „) = ^ g.( Vr <g, // m) u m ) G L C g _7V L(r) <g> L(/i). 

m>l 

If /3 = a and 7 = 0, a similar argument yields ej(w (g> t>^) G q~ N L(r) <S> L{ji). □ 

Lemma 7.16. Given a G Q + (r) ; let N > 1 be a positive integer satisfying (|7.6|) . 
ITien we /lave 

(a) eiL(fj) ft-a C q~ N+1 L(n) for all ji ^> 0, 

(b) ejL(r) r _ a C q~ N+1 L{r) for every r G T, 
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(c) eiL(oo)- a C q- N+1 L(oo). 

Proof, (a) Let u — • • • f^v^ G L(/i) M _ a . Suppose %\ — • ■ ■ — i r . If i — i\, then 
e(ii = eif-^v^ = f^'^Vn G £(/i), and if i ^ ii, eiu = 0. Hence we may assume that 
there exists a positive integer t < r such that it 7^ it+i — ■ ■ ■ — i r . 

Suppose /i>0 and set Ao = A it , // = jj, — Ao 3> 0. By Lemma [7~71 we have 

w: = h t - ■ • h r (v\ ®v,j/)=v®v' mod g£(A ) <8> £(//) 

for some w G L(A )a -/3, G L(/i%/_ 7 , /3, 7 G Q+(r — 1) \ {0}, a = /3 + 7. Hence 
Lemma ESfa) and Lemma [7. 151 yield 

e,jW G L(A ) ® + qei(L(\ ) <g> L(^')) Ao+ ^_ Q 

C L(A ) <g> L(//) + g" iV+1 L(Ao) <g> L(fi') = q~ N+1 L(\ ) <g> L(jjf). 

Namely, we have 

liW G q~ N+1 (L(X ) (g) L(//)) Ao+/ /_ a+a .. 
Therefore, applying ^\ ^>, the statement F(r — 1) yields 

tiU = eJh ' ■ ■ fir v v € q~ N+1 L(fi). 

(b) Let r G T and u = f^ - ■ ■ fi r v T G L(r) r _ Q . If w G qL(r), then our assertion 
follows immediately from ()7.6|) . If w ^ qL(r), then for any /i G P + , Lemma 17.51( g) 
gives 

(7.7) fh- ■ ■ fi r (v T ®v^) = wS)v^ mod gL(r) ® 

If ^> 0, then (a) implies 

eJn • ■ ■ firVr+p G q~ N+1 L(T + //). 
Applying $ r , M , the statement E(r — 1) gives 

eJn ■ ■ ■ f lr (vr ® u M ) e g-^ +1 L(r) ® L(/i). 
Along with (|7.7jl . Lemma 17. 151 yields 

ei(u ® uj G g _7V+1 L(r) ® L(/i) + qeALir) ® L(//)) 

(7.8) 

Cfn(r)®L(/i). 
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Let u = Yl fi u m be the i-string decomposition of u. Then e~iU = Y fi u m G 

m>0 m>l 

q~ N L{t) implies that u m G q~ N L{j) for m > 1. Let L be the A -submodule 
generated by f- v m <g> /^f^ > 0,m > 1). Then L C q~ N L(r) ® and by 
the tensor product rule for L^-modules, we obtain 



ei[u Q$> Vf, 



m>l 

= fi Um ® v ix — &i u ® v n mod gL. 

m>l 

Hence we have ej(w ® t^) = ejW £g> t> M mod q 1 ~ N L(r) ® Together with (|7.8|) . 

we obtain e^u <8> v M G q~ N+1 L{r) ® L(fi), which implies the desired result t{U G 
q- N+1 L(r). 

(c) Let P G L(oo)_ Q and take \i 0. By Lemma I?. Ill we have 

{eiP)v^ = e^PVp) mod <?£(//). 
By Proposition 17. 131 we get 

ei(Pv^) G eiL(/i) M _ Q C q~ N+1 L(fi), 

which implies (e i P)v fl G q~ N+1 L(n). Hence by Corollary 17.141 (c). we obtain e^P G 
q- N+1 L(oo). □ 

Proposition 7.17 (A(r), H(r)). For a// A G P + anc? a G Q + (r), we /iave 
eiL(oo)_ Q C L(oo), eiL(X) X - a C L(A). 

Proof. By applying Lemma 17.161 repeatedly, we conclude that N = 0, and our as- 
sertion follows immediately. □ 

Corollary 7.18. For a G Q + (r), P(oo)_ Q does not contain 0. 

Proof For b G P(oo)_ Q , there exists i G J and 6' G -B(oo)_q, +q ^ such that 6 = 
Then b' = e~ib does not vanish by K(r — 1), and hence b ^ 0. □ 

Lemma 7.19. For a G Q + (r) ; i G /, A > and b G ^(oo)-^, we have 

7f A (e~i6) = ej7f A (6). 
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Proof. This follows immediately from Lemma [7.1 11 □ 

Since Lemma [7.51 depends only on A(r — 1), we have: 

Corollary 7.20. Let A, /i £ P + and a, (3 £ Q+(r). 

(a) If u — ^2 n >ofi n ^ u n £ £(A)a-q ^ i-string decomposition of u, then u n £ 
L(A) for every n > 0. 

(b) For each i £ 7 ; we have 

fi(L(X) X - a ® L{p)^p) C L(A) <8> L(/i), 
e;(L(A) A _ Q ® L(ji)^p) c L(A) ® 

In order to prove the statements B(r) and O(r), we first prove: 

Lemma 7.21. Let X, fi £ P + and a £ Q + (r). JTien for every u £ L(A)a- q , we 
have 

e-i(u <S> = (ejit) <g> mod qL(X) <g> 

Proof. By Corollary 17.20( a). we may assume w = f^w ^ with = and 
w £ L(A)x- a +no!r Let L be the A -submodule generated by f^w^ff'v^ (s,t > 0). 
Then the tensor product rule for [/(-modules gives 

e^f^'w <g> f M ) = f^ w ® w M mod gL. 

Our assertion immediately follows from L C £(A) ® £(/■*)■ ^ 

Proposition 7.22 (I(r)). -For ever?/ a £ Q + (r) ; we have 

ei.B(oo)_ Q C S(oo) U {0}. 

Proo/. Let P = f h ■ ■ ■ f ir ■ 1 £ L(oo)_ a and b = f h ■ ■ ■ f ir ■ 1 + gL(oo) £ P(oo)_ Q . If 
%x = ■ ■ ■ = i r , our assertion is true as we have seen in the proof of Lemma [7.161 (a). 

Hence we may assume that there exists a positive integer t < r such that i t ^ 
h+i = • • • = V Take \i ^> and set A = A it , A = A + \i- Then Lemma 17771 yields 

/n • • • /i r 0a ® v n) = v <g> u' mod gL(A ) ® 
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for some v G L(Ao)a -/3; v> £ and /3, 7 G <3+(r — 1) \ {0} with a = /3 + 7 

such that u + qL(X ) G 5(A ) U {0} and */ + gL(//) G P(/i) U {0}. Then the tensor 
product rule for L/j-modules gives 

eJh ■ ■ • fi r (v Xo ® Vf,) =ei(v® v') 

= t{V ®v'oyv® tiv' mod qL(\ Q ) ® L(fj,). 

By B(r — 1), we have 

eJh ■ ■ ■ k(vx ® « M ) + g^(Ao) ® £(//) G (P(A ) ® £(//)) U {0}. 
Hence, by applying \&a ,am the statement G(r — 1) gives 

etfx(b) = eJh ■ ■ ■ kvx + qL(X) G 5(A) U {0}. 

Therefore, by Lemma 17. 191 and Corollary 17. 14f c). we conclude e^b = erf^ ■ • ■ f ir ■ 1 G 
5(oo) U{0}. □ 

Proposition 7.23 (O(r)). Let A G P + and a G Q+(r). If b G P(oo)_ a satisfies 
W\(b) 7^ ; £/ien we /iaue ej7f A (o) = 7f>(e"j6). 

Proo/. Let P = f h ■ ■ ■ f ir ■ 1 G L(oo)_ a , b = f h ■ ■ ■ f ir ■ 1 + gL(oo) G B(oo)_ a and 
M — /ii ' ' ' /ir^A- Then by Proposition 17. 12[ we have w = P-ua mod qL(X). 

Since 7T\(&) 7^ 0, we have w ^ qL(X). Observe that for any /i G P + , Lemma ITToT g) 
gives 

fh- - ■ fir(v\ ®v^) = u®v^ mod gL(A) <g> L{ji). 
Hence by Lemma f7. 211 

(7.9) e~if ix ■ ■ -fi r (v\ ® Vfi) = e-iU® mod qL(X) <g> £,(//). 

On the other hand, for any /i>0, Lemma f7. 191 yields 

• • • fir v \+n) = h{Pv\+^) = (e"iP)f A+M mod qL(X + /i). 
Applying $a, m , Proposition 17.61 yields 

h{fh ■ ■ ■ fir{v\ ® = (eiP)(f A ® tv) mod gL(A) <g> L(/i). 
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Together with (|7.9j) . we obtain 

e- t u ® = (eiP)(v x <8> f M ) mod qL(X) <8> !/(//). 
Therefore, by applying S'a,//, we conclude tiU = (&iP)v\, which gives 

eiW x (b) = Tx(eib), 

as claimed. □ 

Proposition 7.24 (B(r)). For every A G P + and a G Q + (r) ; we Ziaue 

e~iB{\)x- a C 5(A) U{0}. 

Proof. Our assertion is an immediate consequence of Proposition 17.231 Corollary 
ElUb) and Proposition E23 □ 



To prove the remaining inductive statements, we use the symmetric form on V(A). 
Since the situation is special when an — 0, we shall introduce the operator Qi on 
V(X) by 

'(n + l)f( n) u ifa ll = 0, 



(7.10) Qi(ft^) 



fi^u otherwise 



for u G Ker ej so that Qi = idy(x) when an ^ 0. 

Lemma 7.25. Let A G P + 6e a dominant integral weight and let ( , ) fre i/ie 
symmetric bilinear form on V(A) given by (J2.3|) . T/ien we Ziaue 

(L(A) A _ Q ,L(A) A _ Q ) C A 

/or every a G Q + (r). Moreover, we have 

(7.11) (fiU,v) = (u,Qieiv) mod gA 

/or every a G Q+(r), w G L(A)A- a + ai cmd t> G L(\)x- a - 

Proof. We shall argue by the induction on \a\. By Corollary 17.201 (a), it is enough 
to show flZTQ) for it = // n) u ^ 0, v = fj m) v ^ with u G Kere* n L(A) and 
t>o G Ker ej D 
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Set a = (hi, wt(fo)). If a = or m = 0, then the assertion is trivial. Assume that 
a > and m > 0. Then we have 

(/««,«) = (/i n+1) «o, ft ] v ) = aUt^q-'K^Vo). 
Here, a = [n + l]^ 1 or 1 according as % = 2 or < 0. By (|4.6|) . we have 

(l + gAo)/^ 1 ^ if o«^0, 
m(l + gA )/i 1J uo if o« = 0. 



aq i Kitijl 'v E 



Hence we have (jVu, v) E (1 + gA )(/u, QitiV). By the induction hypothesis, we have 
(m, Qiiiv) G A , and we are done. □ 

Lemma 7.26. Let a = Y^k=i a ik e Q+> P> Q ^ U~(q)_ and m 6 Z. T/ien /or 
A ^> 0, we /iai>e 

r 

(P, Q) = JJ(1 - gfJ-^P^A, Qva) mod q m A . 
k=i 

Proof. If P = 1, our assertion is clear. We shall argue by the induction on the height 
r of a. We may assume P = fiR. Then we have 

(fiRvx, Qv\) = (Rv\, q^KidQvx) 

P^ A , $ ^ Qe^ + ^-^ t; A 

(e&)t; A -K?(e?g)tt A 

■KVA: 1 2 

^g)^-g- (fti ' A - a+ai> (e^g)^ 



i^A 



= (1 - g, 2 )-^^, (ejQ)« A ) - g?<^-W(i _ ^)-i(i2t, A) ( e »QH), 
= (1 - qlY\R^ i Q) = (1 - <g)-\fiR,Q) mod g m A 
by the induction hypothesis. □ 
For a finitely generated A -submodule L of 1 / (A)a- q , we set 

i v : = {«e^V«; (m,l)c A }. 
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Then we have (P v ) v = L. Similarly, we define L v for a finitely generated Ao- 
sub module L of £7~($j)_ q . 

Lemma 7.27. //A>0, then for any a G Q+(r) we have ir\(L(oa)^_ a ) = L(X)\_ a . 

Proof. Let {Pk} be an A -basis of L(oo)_ a , and {Qk} the dual basis: (Pk, Qj) = 5kj. 
Then L(oo)Y_ a = X^AoQj- By Proposition LZ^XSl we have L(X) X - a = Y.k-^o^v\- 
By Lemma 17.261 we have (PkV\, QjV\) = 5kj mod qA for A ^> 0. Hence we 
conclude 

LWl-a = = ^( L (°°)-a) for A » 0. 

j 

□ 

In the following lemma, we will prove a special case of F(r). 
Lemma 7.28. Let fi ^> and a G Q + (r). If A G P + , then we have 

* A>M ((L(A) ®L(^)) x+ ^ a ) c L(X + fj,) x+ ^ a . 
Proof. Recall that Lemma f7.8l gives 

(L(X) ® L(a*))a+m-c = £ /,((L(A) ® L(/*)) 

% 

By the induction hypothesis F(r — 1), we have 

i i 

Thus it remains to show 

%\,n{v\ <8> C L(A + /i) A+M - a . 

For it G L(A + aOa+m-"' by Lemma 17.271 we can write w = Pv\ + ^ for some P G 
£(oo)^ Q . Observe that 

A(P) = P ® 1 + (intermediate terms) + K a <g> P, 
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which yields 

($A 

= (Pv x ® H h K a V\ <g> Pv^ V X <S> L(/i) A4 _«) 

= g^ A )(P^,L(/iV_ Q ). 

Since /i ^> 0, Lemma 17.271 implies that Pt>^ G £(/i) v . Thus we have 

(it, ^a, m (^a ® L(//) M _ a )) = ($ AlM (it), f a <g> L(//)^_ a ) 

= g ( Q W(P^L(^_ a )cA . 

Hence, we have 

which completes the proof. □ 

Proposition 7.29 (J (?")). Suppose a G Q+(r) and 6 G -B(oo)_ a . if e^fe 7^ 0, /Jien 
we have b = fi£ib. 

Proof. Let b = ■ ■ ■ f ir ■ 1 G -B(oo)_ a and suppose e^fe = 6' 7^ 0. If ij. = ■ • • = i r , 
then e^fe' 7^ implies that ii = • • • = i r — i, and our assertion follows immediately. 

If there exists a positive integer t < r such that i t 7^ it+i = ■ • • — i r , take /x 3> 
and set Ao = A it , A = Ao + \i. Then Lemma [7~71 yields 

/ii • • ■ A- (^A <S)V^) = v®v' mod qL(X ) ® 

for some i> G L(Ao)a -/3 an d f' G L(/i) M _ 7 and /3, 7 G Q+(r — 1) \ {0} with a = /3 + 7 
such that v + qL(X Q ) G £(A ) U {0} and 1/ + qL(ji) G £(//) U {0}. By Corollary l7~2TH 
(b), we have 

e»/ii ■ • • /v( v Ao ® w m) = ® v ') mod 9^(^o) ® 
Applying * Aoj/i , G(r - 1) yields 

^x{hfh ' ■ ■ fir ■ 1) = ei/ij • • • fi r v\ 0+tl = ^x 0tlJ ,(ei(v ® v')) mod gl-(A). 
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Thus ei(v <8> v') qL(\ ) <g> L(//), and Lemma 1731 (d) gives 



fh ■ ■ ■ /i r (>Ao ® Vp) = V <g> V ' = fiei(v <g> v') 



fSifh ■ ■ ■ fiX v M ® v fi) mod iL{\q) ® L(n). 



Hence, by applying ^\ 0!fl , Lemma 17.281 gives 



fh--- fi r v\ = heifh ■ ■ ■ f ir v x mod qL(X). 



Therefore by Lemma l7.11l and Corollarv l7. 141 (c) . we have b = fi^b mod gL(oo). □ 

Proposition 7.30 (C(r)). Suppose a G Q+(r) and A G P + . Then for every i G / , 
b G B(X)x- a +ai an d b' e B(X)x- a , we have fib = b' if and only if b = e$ '. 

Proof (=>■) Let fab = b' G B(X)\- a . Since 6 G _B(A)A- a + ai , by Lemma 173T b). 
there exists n > such that 6 = with e(a = 0. Hence b' = fj; n+1 ^u and 

(<^=) Let 6' G -B(A)a-q and b = eft G -B(A) Then we have V = Tf\{b") for some 



b" G L(oo)_ a by Corollary 17. 14( b) . By Proposition 17. 23[ we have 

K\(eib") = eiW\(b") = etf ^ 0. 



Hence we have e^b" ^ and Proposition 17.291 yields b" = fiefi" '. By applying n\, we 
obtain 



Proposition 7.31 (D(r), K(r)). Let a G Q+(r). 

(a) For X G P + ; £?(A)a-o: is a Q-basis of L(X)\- a /qL(X)\-. 

(b) B(oo)- a is a Q-basis of L{po)- a / qL{oo)- a . 

Proof. We will prove (a) only. The proof of (b) is similar. 
Suppose that we have a Q-linear dependence relation 



fi 



\e { b' = fiWx&b") = Tfxifieib") = n x (b") = b' , 



as claimed. 



□ 




abb = with a b G Q. 



bes(A) A 
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Since eiB(X)x- a C B{X) U {0} for every i G /, we get 

6eB(A) A _ a bGB(A) A _ a , 

By D(r — 1) and C(r), the family {e~ib ; 6 G -B(A)a- q , e%b ^ 0} is linearly independent 
over Q. Therefore a\, = whenever e"j& 7^ 0. 

But for each b G B(X)\_ a , there exists i £ J such that e^b 7^ 0. Hence = for 
every 6 G B(X)x- a , which completes the proof. □ 

Lemma 7.32. Let A G P + and a G Q+(r) \ {0}. 

(a) If u E L(X) x- a / 'qL(X) \- a satisfies etu = for every i G /, t/ien -u = 0. 

(b) If u E V(X)x- a satisfies e{a G £(A) /or every i & I , then u G £(A). 

(c) If ' u G L(oo)_ Q ,/gL(oo)_ Q , satisfies eiu = /or even/ z G I, t/ien w = 0. 

(d) If u G satisfies e«M G L(oo) /or every i E I , then u G L(oo). 

Proof, (a) Write it = X^eB(A) A _ Q with a& G Q. Then for every i G /, we have 

a&(ei6) = 0. 

By the same argument as in the proof of Proposition 17.311 all a& vanish, which 
implies u = 0. 

(b) Choose the smallest N >0 such that q N u G L(A). If N > 0, then ei{q N u) = 
q N e.iU G qL(X) for every i E I. Hence, by (a), we would have q N u G qL(X); that 
is, q N ~ l u G £(A), a contradiction to the minimality of N. Therefore N = and 
u G L(X). 

The proofs of (c) and (d) are similar. □ 
Proposition 7.33 (F(r)). For every A,/i G P + , we have 

# A)At ((L(A) ® L(/i)) A+M _ Q ) c L(A + /i). 
Proof. We may assume that q^0. By Corollary I7.20f b) . we have 
e,((L(A)®L(/i)) ) C (L(A)®L(/i)) 
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for every i G I. Then by applying ^a,m> the statement F(r — 1) yields 

e^ A , M ((L(A) ® L(^)) A+M _ a ) c * V ((L(A) ® L(^)) A+At _ Q+ai ) c L(X + /u) 

for every i & I. Hence our assertion follows from Lemma [7. '62( b). □ 

Proposition 7.34 (N(r)). For all a G 6?+(r) and A G P + , we nave 

{6 G B(oo)_ Q ; 7F A (6) ^ 0} ^ B(X) X -a- 

Proof. We may assume a ^ 0. We already know 7f A 5(oo)_ Q \ {0} = £>(A) A „ a . 
Hence it remains to prove that, for b,b f G £>(oo)_ Q , T\(b) = 7f\(b') ^ implies 
b = b' . Choose i E I such that e^\b ^ 0. By Proposition 17.231 we have 

Tf\(eib) = 7r x {eib') ^ 0. 

Then by the induction hypothesis N(r — 1) and Proposition 17.241 we have e^b = 
e-ib' 0. Hence Proposition 17.291 yields b = b'. □ 

So far, we have proved all the statements except G(r). Using these statements, 
we can prove that Lemma [7.51 holds for all a G Q + (r). In particular, we have 

Lemma 7.35. 

(a) For alii El, A,/i G P + and a G Q + (r), we have 

e,(S(A) ® B(ji))^ a C (5(A) (g) U {0}. 

(b) Ifb®b'e (5(A) ®S(//)) M _ a andei(b®b') ^ 0, iaen 

b®b' = fiei(b®b'). 

Finally, we complete the grand-loop argument by proving the statement G(r). 

Proposition 7.36 (G(r)). For a// i E I , A, /i G P + anc? a G Q + (r) ; we aai>e 

*a,a,((S(A) <g> 5(//)) A+/ ,_ a ) c 5(A + fi) U {0}. 

Proo/. We may assume a ^ 0. Let 6 <g> b' G (5(A) ® P(/i)) A+M _ Q . If <8> 6') = 
for every z G J, then e{^>x,iiip ® b') = for every i G J, and Lemma 17.321 implies 
® 6') = 0. 
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If Ci(h Cg> b') ^ for some % G /, then by Lemma [7.351 and G(r — 1), we have 

* Xtfl (b ® b') EE *a, M (M(6 ® &')) = f&\&Q> ® &')) 

G fi(B(X + fi) U {0}) C B(A + /i) U {0}. 

□ 

Thus the proof of Theorem 17.11 is completed. 

Let ( , )o be the Q- valued symmetric bilinear form on L(X)/qL(X) given by taking 
the crystal limit of ( , ) on L(X). Then we have: 

Corollary 7.37. Let V(X) be the irreducible highest weight U q (o) -module with high- 
est weight X G P + and let (L(X), B(X)) be the crystal basis ofV(X). 

(a) The crystal B(X) forms an orthogonal basis of L(X)/qL(X) with respect to 
( , )o, and {b,b)o G Z >0 for every b G B(X). In particular, ( , ) is positive 
definite on L(X)/qL(X). 

(b) We have 

L(X) = {ueV(X); KL(A))CA } 
= {u G V(X) ; (u,u) G A }. 

Proof, (a) We will prove (b,b') G 5 btb >Z >0 for all b, b' G B(X)\- a , oi G Q+(r) by 
induction on \a\. If |a| = 0, our assertion is trivial. 

If \a\ > 0, choose % G I such that e,6 ^ 0. Then by Theorem 17. II and Proposition 
I7.3U1 we have 

(b,b') = (fieib,b') = Qieib') G Z >0 (e;6, e;&')o C <5g if)i g ife /Z >0 = 6 6>6 /Z >0 , 

which completes the proof, 
(b) Let 

L 1 = {«G F(A); (h,I(A))cA }, 
L 2 = {« G V(A) ; G A }. 

It is clear that L(X) C L\ and L(A) C L2. Let u G V(A) be such that (u, L(X)) C Ao- 
Take the smallest n > such that q n u G L(A). If n > 0, then (q n u, L(X)) = 
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mod qA . Since ( , ) is non-degenerate, q n u = mod qL(\); that is q n ~ 1 u G L(X), 
which contradicts the minimality of n. Hence n = and u G L(X), which proves 
Li C L(X). 

Similarly, let u G V(X) be such that (u,u) G A . Take the smallest n > such 
that q n u G L(X). If n > 0, then (q n u 1 q n u) = q 2n (u,u) G gA . Since ( , ) is 
positive definite, we obtain g ra w = mod qL(X), a contradiction. Hence n = and 
K G L(A), which proves L 2 C L(X). □ 

Remark 7.38. If Oj, 7^ for every i G J, then -B(A) is an orthonormal basis of 
L{X)/qL{X). 

The following lemma immediately follows from the preceding proposition and 
Lemma 17.261 

Lemma 7.39. 

(a) (L(oo),L(oo)) C A . 

(b) Let ( , )o be the Q-valued inner product on L(oo)/qL(oo) induced by taking 
the crystal limit of ( , ) on L(oo). Then B(oo) is an orthogonal basis of 
L(oo)/qL(oo). In particular, ( , )o is positive definite on L(oo)/gL(oo). 

(c) We have 

L(oo) = {Pe U-(g) ; (it, L(oo)) C A } 
= {ue U-(g) ; («,«) G A } . 

Corollary 7.40. For every P G L(oo), we have P* G L(oo). 

Proo/. Let P G L(oo). Then by Lemma [721 (a) and (jHSJ), we have (P\P*) = 
(P,P) G A . Therefore, by Lemma 17.391 (c). we have P* G L(oo). □ 

8. Balanced Triple 

In the following three sections, we will globalize the theory of crystal bases. Recall 
that A is the subring of Q(q) consisting of rational functions in q that are regular 
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at q = 0. Similarly, let Aoo be the subring of Q(q) consisting of rational functions 
in q that are regular at q = oo. Thus we have 

A /gA ^ Q and A^/q^A^ ^ Q 

by evaluation at q = and q = oo, respectively Finally, we denote by A = Q[g, q" 1 ), 
the ring of Laurent polynomials in q. 

For a subring A of Q(q) and a vector space V over Q(q), an A-lattice is, by 
definition, a free A-module of V generating V as a vector space over Q(g). Assume 
that 

V is a vector space over Q(q), and K A , L and L^ are an A-lattice, 

(8.1) 

an Ao-lattice and an Aoo-lattice of V, respectively. 
Note that (V A fl L )/(V A n gL ) — > L /qL is an isomorphism. 

Definition 8.1. Set E = V A fl L fl Loo- Then a triple (V A ,L ,Loo) is called a 
balanced triple for V if the canonical homomorphisms A <g> L 1 — > V A , A ® E ^ L$ 
and Aqo <8> — > Loo are isomorphisms. 

Theorem 8.2. Let V, L and be as in (jHHJ) . Set E = V A nL nL oo . Then 
the following statements are equivalent. 

(a) (V A , Lq, Loo) is a balanced triple. 

(b) The canonical map E — > Lo/gLo is an isomorphism. 

(c) T/ie canonical map E — > L 00 /q~ 1 L 00 is an isomorphism. 

Let (V A , L , Loo) be a balanced triple for a Q(g)-vector space V, and let 

G: L /qL ^ E: = V A DL nL oo 

be the inverse of the canonical isomorphism E —>■ L /qL . If B is a Q-basis of 
L /gL , then : = {G(b) ; 6 G 5} is a Q-basis of L7. Therefore G(B) is a Q(g)- 

basis of V, an A-basis of V A , an A -basis of L and an Aoo-basis of Loo as well. 



Definition 8.3. We call G(B) the global basis of V corresponding to the local basis 
B of V at q = 0. 
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Our goal is to construct the global basis G(X) of V(X) (resp. G(oo) of U~(g)) 
corresponding to the local basis B(X) of V(A) (resp. P(oo) of U~(g)) at q — 0. For 
this purpose, we need the following lemma which is proved in [TUj . 

Lemma 8.4 QlOj). Let V, V A , L and be as in (|8.1|) . Let F be a Q-vector 
subspace of V A fl L fl L M satisfying the following conditions: 

(a) the canonical maps F — > Lo/qLo and F — > L 00 /q~ 1 L 0D are infective. 

(b) V A = AF. 

Then (V A , L , L^) is a balanced triple and F = V A fl L fl L^. 



9. Global Bases 

m I — q ' q 

Let U A (g) be the A-subalgebra of U q (g) generated by q h , YYk=i — ^ 1 — e 

P v , m G Z >0 ). We denote by U A (g) (resp. Z/^Cfl)) tne A-subalgebra of U q (g) 
generated by (resp. ft ) for z G /, n G Z> . Let ?7a(s) be the A-subalgebra of 
C/g(fl) generated by C/i(fl), E/£(fl) and U A {g). 

Then we can show that 

(9.1) U A {g) ~ P A ( ) ® f/ A ( ) ® C/+( ). 

Let V(A) be the irreducible highest weight U g (g)-modvle with highest weight 
A G P + and highest weight vector V\, and let 

V(\) A = U A (g)v x = U A (g)v x . 

Consider the Q-algebra automorphism ~ : U q (g) — > U q (g) defined by 

(9.2) q ^ q-\ q h \-> q~ h , e { ^ e h f t i-> 

for ft G P v and i G I Then we get a Q-linear automorphism ~ on V(A) defined by 

(9.3) P^^Pt; A for P6f/ ? ( ). 
Our goal is to prove the following theorem. 

Theorem 9.1. 

(a) (U A (g), L(oo), L(oo)~) is a balanced triple for U~ (g) . 
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(b) (V(X) A ,L(X),L(X)-) is a balanced triple for V '(A) . 

Once we have Theorem 19.11 the canonical maps 

U a (q) n L(oo) n L(oo)~ — ► L(oo)/gL(oo), 
V(A) A n L(A) n L(A)~ — ► L(X)/qL(X) 

are isomorphisms. As in Section |S1 let 

Goo: L(oo)/qL(oo) — > U A (g) n L(oo) n £(oo)~, 
G A : L(X)/qL(X) — ► V{X) A n L(A) fi L(A)~ 

be the inverses of the isomorphisms above, and set 

(9.4) G(oo) = {Goo(6) ; b G 5(oo)} , G(A) = {G x (b) ; 6 G 5(A)} . 

Then we have: 

Theorem 9.2. 

(a) G(oo) (resp. G(A)) is an A-basis ofU^(Q) (resp. V(X) A ). 

(b) G(oo) (resp. G(X)) is an A - basis of L(oo) (resp. L(X)). 

(c) G(oo) (resp. G(X)) is a Q(q)-basis ofU q (g) (resp. ^(A)). 

(d) G(oo) (resp. G(X)) is a Q[q]-basis of U A (g) n L(oo) (resp. V (X) A f) L(X)) . 

Proof. These are immediate consequences of the definition of a balanced triple. □ 

Moreover, we have 
Theorem 9.3. 

(a) For b G B(oo), G 00(b) is a unique element ofU A (g) D L(oo) such that 

Goo(b) = b mod qL(oo), G^b) = G^b). 

(b) For b G B(X), G x (b) is a unique element ofV(X) A D L(X) such that 

G x (b) = b modgL(A), G x Jbj = G x {b). 
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Proof. The proof of (a) being similar, we will prove only (b). By the definition of 
C7a, it is clear that G x (b) = b mod qL(X). Set 



G x (b) - G x (b) 

v = =i 

q-q 



Clearly, G x (b) and G x (b) are contained inE: = V(X) f]L(X)r\L(X)~ . Write G x (b) 



Cj(q)PjV X , where Cj(q) G A and Pj is a monomial in / 4 s (i G I, n G Z 
Then we have G x (b) = Cj(q~ 1 )PjV X , from which it follows that 



>0y 



^ _G x (b)-G x (b) _^ Cj (q)-c J (q 



J2 c ^-_ c ^ P jVxE V(xr. 



q-q 1 y q-q 

1 q 

Since = — G gA n Aoo, we have v G qL(X) PI F(A) . Thus t> is 

g — q~ L q 2 — 1 

mapped to under the canonical isomorphism E — > L(X)/qL(X), which implies 
t> = 0. Therefore we get Ga(&) = G x (b). 

Finally, suppose that u G ^(A) A fl £(A) satisfies 

u = b mod qL(X) and u = u. 

Then u & E : = V(X) A fl F(A) fl F(A)~. Since the canonical map .E — > L(X) / qL(X) is 
an isomorphism, we must have w = G x (b). □ 

Definition 9.4. We call G(oo) (resp. G(A)) the g/oktZ frasis of U~(q) (resp. V(A)). 



10. Existence of Global Bases 

In this section, we will prove Theorem 19.11 For i G / and n > 1, define 

(/r^(B)) A = /r^(s) n f/ A ( ), (/r^(A)) A = u?u q {$)) A v{x). 

Then (/™^(A)) A is an A-lattice of /fV(A). 

Lemma 10.1. Fix i G /. Let w G U~(q) and consider the i-string decomposition 
u = Yli>o fPui with e\u\ = for every I > 0. If u <E U^(g), then ui G U^(g) for 
every I > 0. 
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Proof. We first claim that 

(Id) 4 n) Uli&) C U A (g). 

Indeed, the commutation relation (jfi.4j) implies that 

{g £ U-(q) ; e'^Q £ f/-( ) A for every n > o} 

is stable under the left multiplication by any /• (j £ I, m > 0). 

Hence the projection operator P introduced in (|6.7|) satisfies Pj{7^(g) C C/^(g). 
Then Proposition 16 . II implies that all ui belong to U A (g). □ 

Then as an immediate consequence of Lemma flO.ll we have: 

Lemma 10.2. 

(a) {f?U~ ( ) ) A : = (0) H Ui (0) = £ />n //° U~ A (fl) . 

(b) (/^(A)) A :=(/rC/-( )) A ^(A) = E I >„/i'V(A) A . 

In order to prove Theorem 19.11 we shall show the following statements by the 
induction on r. 

X(r) : For every a £ Q + (r), the triple (L r ^(0)_ Q ,, L(oo)_ a , L(oo)l a ) is bal- 
anced. 

Y(r) : For all A £ P + and a £ Q+(r), the triple (V(A) A -a, L(X)x- a , L(X)^_ a ) 

is balanced. 
Z(r) : For every a £ Q+(r) and A £ P + , let 

G\ : L(X)\- a / qL(X)\- a — > V(A) A a R L(A) fl L(A)" 

be the inverse of the canonical isomorphism 

V(X)t a n L(A) n L(A)- ^ L(X)\- a / qL(X)\- a 

guaranteed by Y(r). Then for any b £ P(A)a- q H f™B(X) with n > 0, 
we have G A (6) £ (/!* V(A)) A . 
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If r = 0, these assertions are obvious. Suppose r > and assume that the 
statements X(r — 1), Y(r — 1) and Z(r — 1) are true. Then we can define 

Goo : L(oo)_ /3 /gL(oo)_ /3 A U^(g)-p n L(oo) n Ir(oo)~, 
G x : L{X) x ^/qL{X) X -p ^ V(\)$_f, H L(A) fl L(A)~ 
for /? G — 1). Thus we have: 

Lemma 10.3. For all A G P + and (3 G <3+(r — 1), we have 

(a) ^a(0)-/3 = beB (oo)_ a AC7 0O (6) ; 

y(A)^ = e t6fl( A) A _,AG A (6), 

(b) Goo(6) = Goo(6) /or ewer?/ b G B(oo)_ p , 
Gxjb) = G x {b) for every b G B{X) X -p, 

(c) Goo(&)^a = G\(T x (b)) for every b G ^(oo)^. 

The following proposition will play a crucial role in proving the statement X(r) 
and Y(r). 

Proposition 10.4. Zet z G /, a G Q+(r). TTjen for any n > 1, the triple 

((fiV{x))t*, f?v{X) n l(A) a _ q , /»v(A) n l(A)^ q ) 

is balanced. 

Remark 10.5. By Proposition 14. 9[ we have 

(#V(A) R L(A) A -a)/(/TV(A) n qL(\) X - a ) ~ Q6. 

fc6B(A)A- a n/fB(A) 

Proof. If djj = 2, our assertion can be proved as in ^U]. Hence we assume that 
<2jj < 0. In this case, we have 

l>n 

We will use the descending induction on n. Note that if n > r, then (fpV(X))\- a = 
0, and our assertion is trivial. Assume that our assertion is true for n + 1. Set 

V n A = (f?V(X))t a , L n = f?V(X) n L(A) A _ Q and E n = V n A (~) L n f~) L~. 
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If (hi, A — a + naj) = 0, then fMV(X)\- a+nai ) = 0, and our assertion is trivial. 
Hence we may assume that (h i: X — a + ncti) > 0, in which case, B(\)x- a +ncti —> 
B(X)x- a is injective. 

Since n > 1, Lemma 1103(a) gives V(X)^_ a+na . = ® beB{x)x _ a+na . AG A (6) and 
hence we have 

v n = Yl A f?°M 

If b G 5(A) A _ a+nQi satisfies lib ^ 0, then Z(r - 1) implies that G\(b) G (fiV(X)) A = 
fiV(X) A , which yields 

f?G x {b)eV* 1 :={fi+ 1 V{\))t a . 



Set B : = {be B(X) e,b = 0} and F : = £ beBo Qf?G x (b). Then we get 

(10.2) V n A = AF + V A +1 . 
Note that 

f?G x (b)eE n , fl l G x (b) = Jl l b modgL(A) for every b E B . 

Set F = F + £/ n +i. Then F C E n , and = AF n+1 by the induction hypothesis. 
Hence (TTTTT^ implies V A = AF. 
Consider the morphism 

F -> L n /gL„ ~ (0 Q#&) © (L n+1 /qL n+1 ). 
be B 

Since F — ► ®beB Q,fib and F n+ i — > L n+ i/qL n+ i are isomorphisms, F — > L n /qL n is 
an isomorphism. Similarly, F — ■> (L n )~ j 'q~ 1 (L n )~ is an isomorphism. Hence Lemma 
31 implies the desired result. □ 



Corollary 10.6. For every i G /, a G and n > 1, we have the following 

canonical isomorphism: 

(ZfM0)) A Q nL(oo) 



(/rtC(fl))^nL(oo)nL(oo)- 



(/^-(0)) A .ngL(oo) 

© Q6- 



bes(oo)_ a n/™s(oo) 
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Proof. It suffices to observe that, for A 3> 0, we have 



U-(Q)_ a - V(\) X - a , (f?U-(g)) A a A (f?V(\))ta, 
L(oo)_ Q ^ L(\)x- a , L(oo)Z a ^ L(^)\- a , 

feeB(oo)„ Q n/"B(oo) beB(\) x _ a nf?B(\) 



□ 



For a E Q+{r), let 



Gt : ( /if/ - ( )) A Q nL(oo)nL(oo)- 

6eB(oo)_ Q n/iB(oo) 

be the inverse of the canonical isomorphism given in Corollary 110.61 (with n = 1). 
Then we have 

beB(po)- a nfiB(pd) 

Now we will prove: 

Lemma 10.7. For i, j E I , a E Q+(r) and b E B(oo)_ a fl /jS(oo) fl fjB(oo), we 
have 

Gi{b) = G j {b). 

Proo/. Let ft = /»•••/&• 1 6 P(oo)_ a fl /i-B(oo) fl fjB{oo). Take A G P+ such that 
A(/ifc) = and A(/i p ) ^> for p E I \ {k}. Since = 0, we get vta(^) = 0, which 
implies 

G;(&)u A = mod qL(\). 

That is, Gr t (6)t; A G (/iV(A))£_ a n gL(A) n L(A)~ 

By Proposition 110.41 we must have Gi(b)v\ = in V(A). Note that 

v(X)^ a ^u;( d )_j(u;( d )_ a+a j k+ £ 

pEl te \{k] 
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as a U~ (g)-module. It follows that Gi(b) E U g (g)fk fl U^(g). By applying the 
anti- automorphism * on Gi(b), we have 

G*(&)* g fkU~{g) n t/ A (g) = (J k U q (a)) A . 

Moreover, by Corollary QS1 we have (?*(&)* G (/fct/~(g)) A a n L(oo) n L(oo) - . 

Similarly, Gj(b) satisfies G i (6)* G (f k U-(d)) A H L(oo) n L(oo)~. Since G;(&) = 
Gj(fo) = 6 mod gL(oo), we have Gj(&)* = Gj(b)* mod gL(oo). Hence, Corollary 
EESI implies (?<(&)* = G i (6)*, which yields G 4 (6) = G^fc) as desired. □ 

Let 6 G F(oo)_ a with a G Q+(r). Since r > 1, we have e^fe ^ for some z G I; 
that is, 6 G F(oo)_ a fl /j-B(oo) for some i E 1. By Lemma ll(J. 71 we may define a 
map 

Goo - L(oo)— a /gL(oo)- Q — ► C/, (fl)_ a n L(oo) n L(oo) 
by Goo (6) = Gi(6) for any z with ej& 7^ 0. By the definition, we have 
Goo(6) = 6 mod gL(oo), 

(10 - 3) (/r^(0)) A .= AG oo(b) forn>l. 

feeB(oo)_ Q n/"B(oo) 

Set F = EteBM-, C t/-(g) A a n L(oo) n L(oo)". Since £/ A (g)_ a = 

J2i(fi U q(Q))-a, we obtain 

f/ A (g)_ Q = AF 

Moreover, the canonical maps 

F -> L(oo)_ Q /gL(oo)_ a and F -> L(oo): a /g _1 L(oo)l a 

are bijective. Therefore, by Lemma f8. 41 we conclude X(r). 

Let us prove Y(r). Note that for all a G Q+(r), b G -B(oo)_ a and A G P + , if 
7f>(fe) = 0, then Goo(b)v\ = 0. Indeed, let i E I be such that e^fe 7^ 0. Then we have 

Goo(% A G (/^(A)) A _ Q n qL(X) n L(A)-, 

and by Proposition 110. 4| we obtain Goo{b)v\ = 0. 

Set F: = £ QGoo(b)v x C V(A) A _ a HL(A) rU(A)~. Then we have 1/(A) A _ a = 

beB(oo)_ a 
*x(b)^0 

AF. By Proposition 17.341 the homomorphisms F — > L(X)x- a / qL(\)x- a and F — > 
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L(X)~^_ a / q~ x L(X)~^_ a are isomorphisms. Therefore, by Lemma EH we obtain the 
statement Y(r). 

Finally, the statement Z(r) follows from Proposition 111). 41 which completes the 
proof. 

Remark 10.8. 

(i) We have G oc (&)u A = G> for any A G P + and 6 G 5(oo). 

(ii) If i G J im , we have 

G x (f- l b) = fTG x (b) for every b G B(A) and n G Z> . 

(iii) We have 

(f?v(\)) A = J7V(\)nv(\) A . 

Indeed, {G\(b)} be j„ B ^ is an A-basis of (/™V r (A)) A , and hence it is also a 
Q(g)-basis of f?V(\). 
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